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1 Overview

This deliverable summarizes results obtained in the context of work
package W2.3, “Learning and Combining Similarities". The text is
structured into two main areas:

• Unsupervised learning, where the following sub-areas are ad-
dressed: (a) learning and combining similarities from clustering
ensembles, under the Evidence Accumulation Clustering (EAC)
paradigm; (b) higher order dissimilarities using Dissimilarity In-
crements (DI).

• Supervised learning, where the key topic is Multiple Kernel Learn-
ing (MKL).

The report is organized as follows. We present progress and the
main technical achievements, according to the two broad areas re-
ferred above, in sections 2 and 3. A more detailed description of the
later are found as appendices, formed by a collection of published or
submitted papers within the context of the SIMBAD project.

2 Unsupervised Learning

2.1 Learning and Combining Similarities from Evidence Accumulation

There is a close connection between the concepts of pairwise similar-
ity and probability in the context of unsupervised learning. It is a com-
mon assumption that, if two objects are similar, it is very likely that
they are grouped together by some clustering algorithm, the higher
the similarity, the higher the probability of co-occurrence in a clus-
ter. Conversely, if two objects co-occur very often in the same cluster
(high co-occurrence probability), then it is very likely that they are
very similar. This duality and correspondence between pairwise sim-
ilarity and pairwise probability within clusters forms the core idea of
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the clustering ensemble (CE) approach known as Evidence Accumu-
lation Clustering (EAC) [1].

Each clustering algorithm induces a pair-wise similarity. Evidence
accumulation clustering combines the results of multiple clusterings
into a single data partition by viewing each clustering result as an
independent evidence of pairwise data organization. Using a pair-
wise frequency count mechanism amongst a clustering committee, the
method yields, as an intermediate result, a co-association matrix that
summarizes the evidence taken from the several members in the clus-
tering ensemble. This matrix corresponds to the maximum likelihood
estimate of the probability of pairs of objects being in the same group,
as assessed by the clustering committee, and can be regarded as a
pair-wise similarity induced by the CE. One of the main advantages
of EAC is that it allows for a big diversification within the clustering
committee. Indeed, no assumption is made about the algorithms used
to produce the data partitions, it is robust to incomplete information,
i.e., we may include partitions over sub-sampled versions of the orig-
inal data set, and no restriction is made on the number of clusters of
the partitions.

The EAC method can be decomposed into three major steps:

1. construction of the clustering ensemble;

2. accumulation of the “clustering evidence” provided by the en-
semble;

3. extraction of the final consensus partition from the accumulated
evidence.

In addition, validation of the combined clustering results is a desirable
final step.

In the following sections we outline contributions on learning simi-
larities under the EAC framework focusing on new combination meth-
ods, constrained clustering, cluster validity, scalability issues, and ap-
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plications to electrophysiological temporal data. Finally, we refer the
development status of a toolbox for Matlab, built under an object-
oriented paradigm, that provides an up-to-date environment for the
application of the clustering ensemble approach.

2.1.1 Combining Evidence from Multiple Clusterings

The EAC approach combines evidence, from pairwise associations
performed by the clustering committee, based on a voting mechanism
that yields, as summarizing entity, a co-association matrix. This con-
stitutes the intermediate step of evidence accumulation. A consensus
partition is obtained by applying some clustering strategy over this
matrix. Progress undertaken in the combination process explored the
dual interpretation of the co-association matrix as expressing similar-
ities and as probabilities.

• Taking the pair-wise similarity, learned with the EAC method,
as estimate of the probability of pairs of objects to belong to
the same cluster, we proposed a probabilistic formulation for the
combination process, leading to a consensus soft partition solu-
tion, where each object is probabilistically assigned to a cluster.
The method reduces the clustering problem to a polynomial opti-
mization in probability domain, which is attacked by means of the
Baum-Eagon inequality. This work presents a principled proba-
bilistic solution for consensus clustering, going one step further
by extending the EAC paradigm from hard data partitioning to
soft clustering solutions. Details and results can be found in [2].

• Taking co-occurrence information as the starting point, we have
proposed a probabilistic generative model for consensus cluster-
ing, based on a dyadic aspect model for the evidence accumula-
tion clustering framework [3]. Starting from the observation that
co-occurrences are a special type of dyads, we proposed to model
co-association using a generative aspect model for dyadic data.
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Under the proposed model, the extraction of a consensus clus-
tering corresponds to solving a maximum likelihood estimation
problem, which we address using the expectation-maximization
algorithm. We referred to the resulting method as probabilistic
ensemble clustering algorithm (PEnCA). Moreover, the fact that
the problem is placed in a probabilistic framework allows using
model selection criteria to automatically choose the number of
clusters. The output of the method is a probabilistic assignment
of each sample to each cluster. One of the advantages of this
framework is the possibility of inclusion of a model selection cri-
terion. We hope to further address this issue in the near future.
Ongoing work on different initialization schemes and strategies
to escape from local solutions is being carried out.

• Different clustering techniques can be applied to the co-association
matrix to obtain the combined data partition, and different clus-
tering strategies may yield too different combination results. In
an attempt to reduce the sensitivity of the final partition to this
clustering method, and still obtain competitive and consistent re-
sults, we have proposed to apply embedding methods over this
matrix [4]. We performed a study of several embedding meth-
ods over the co-association matrix, interpreting it in two ways:
(i) as a feature space and (ii) as a similarity space. In the first
case dimensionality reduction is performed of the feature space;
in the second case we obtain a new representation constrained
to the similarity matrix. When applying several clustering tech-
niques over these new representations, we evaluated the impact
of these transformations in terms of performance and coherence
of the obtained data partitions. Experimental results, on synthetic
and real benchmark datasets, have shown that extracting the rele-
vant features through dimensionality reduction yields more con-
sistent results than applying the clustering algorithms directly to
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the co-association matrix.

The work undertaken involved a close collaboration between the
IST and the UNIVE partners, which should be further strengthened
in the future. In the later work, pair-wise similarities were used; ex-
tension of this method to higher order similarities is object of current
joint research.

2.1.2 Constrained Clustering

Recent work on clustering has focused on the incorporation of a priori
knowledge, mostly in the form of pairwise constraints, aiming to im-
prove clustering quality of individual clustering algorithms, and find
appropriate clustering solutions to specific tasks or interests. In the
context of SIMBAD, we proposed to extend and integrate the con-
strained clustering idea into the CE framework. Such integration can
be implemented at three main levels, and combinations thereof: (a) on
the construction of the CE, by explicitly applying constrained cluster-
ing algorithms; (b) during information combination phase, by forcing
(hard constraints) or encouraging (soft constraints) pairwise associa-
tions; (c) at the step of extraction of the final (combined) data par-
tition. In the work developed so far, we proposed an extension to
EAC (termed CEAC), and a novel algorithm (ACCCS) to solve the
CE problem using pairwise constraints (must-link and cannot-link).
CEAC consists of enforcing the clustering algorithm, which produces
the consensus partition from the learned similarity, to support the in-
corporation of must-link and cannot-link constraints. The ACCCS
approach comprises the maximization of both the similarity between
CE partitions and a target consensus partition, and constraints satis-
faction. Experimental results have shown the proposed constrained
clustering combination methods performances are superior to the un-
constrained Evidence Accumulation Clustering. Part of this work is
reported in [5].
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2.1.3 Clustering Validity

Consider the following question:“For a given data set, which cluster-
ing solution should be selected”. The solution to this problem is based
on clustering validation. While there is much work reported in the
literature on validating data partitions produced by single clustering
algorithms, little has been done in order to validate data partitions pro-
duced by clustering combination methods. Most of these works use
measures of consistency between consensus solutions and the cluster-
ing ensemble, such as the Average Normalized Mutual Information
proposed by Strehl and Ghosh.

We first addressed the validation issue at the clustering ensemble
level, proposing the Average Cluster Consistency (ACC) index [6].
The main idea consists of measuring how well the clusters in the
clustering ensemble fit in the clusters of the consensus partition. The
similarity between each partition in the CE and the combined parti-
tion is measured based on a weighting of shared samples in matching
clusters. The ACC validity index accounts for the average of these
similarities over the CE. Details and results on this work can be found
in [6].

Further work in this research line have proposed the validation of
clustering combination results at three levels:

1. Original data representation - measure the consistency of cluster-
ing solutions with the structure of the data, perceived from the
original representation (either feature-based or similarity-based);

2. Clustering ensemble level - measure the consistency of consensus
partitions with the clustering ensemble;

3. Learned pairwise similarity - measure the coherence between clus-
tering solutions and the co-association matrix induced by the clus-
tering ensemble.
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Taking pair-wise similarities as the underlying representation, tradi-
tional clustering validity indices (namely the Silhouette, Dunn’s and
Davies and Bouldin’s validity indices) were adapted to validate con-
sensus solutions, when compared to the original data representation,
and the learned similarity. These validity indices roughly account for
intra-cluster compactness and inter-cluster separation. We then pro-
posed a statistical validity index based on pair-wise similarity. Ac-
cording to the new index, the quality of the consensus partition is
measured in terms of the likelihood of the data constrained to this
partitioning. Inspired on the Parzen-window density estimation tech-
nique with variable size windows, a k-nearest neighbor density esti-
mate from pair-wise similarities was defined. Taking as reference the
learned similarity, the proposed validity index corresponds to a mea-
sure of goodness of fit of the consensus partition with the clustering
ensemble and the pair-wise information extracted from it. When as-
sessed from the original data representation, this validity index mea-
sures the goodness of fit of the combined partition with the statistical
properties of the data on the baseline representation. A comparative
study of the several validation approaches was undertaken on syn-
thetic and real data. Details and results can be found in [7].

2.1.4 Scalability

We have addressed the scalability problem of the evidence accumu-
lation clustering method, intrinsically related to the storage of the co-
association matrix. This topic was dealt in collaboration with Prof.
Anil K. Jain, from the Michigan State University, USA. The bottle-
neck of the evidence accumulation paradigm is the quadratic (on the
number of samples) space complexity associated with the full rep-
resentation of the co-association matrix. Taking advantage of the
sparseness of this matrix, we adopted a sparse matrix representation,
reducing the space complexity of the method. In order to further
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reduce the space complexity, we have proposed a clustering ensem-
ble construction rule, following a split and merge strategy, according
to which the clustering algorithms are applied with K, the number
of clusters, randomly chosen in the interval [Kmin,Kmax]. Criteria
for the choice of these extreme values were also proposed and an-
alyzed, showing that both space complexity and quality of combi-
nation results dependent on the partitioning granularity, dictated by
the value of Kmin. Experimental results confirmed that this strat-
egy leads to linear space complexity of evidence accumulation clus-
tering, enabling the scalability of this framework to large data-sets.
We have shown that this significant space complexity improvements
do not compromise, and may even lead to increased performance of
clustering combination. Details and results can be found in [8].

2.1.5 Learning Similarity on Temporal Data

In the context of SIMBAD, the CE framework was further explored
and extended to learn similarity relations of temporal data, We pro-
posed a methodology for the analysis of data characterized by tempo-
ral evolution, such as electrophysiological signals. This methodology
is based on the clustering ensemble method, and on a genetic algo-
rithm for assessment of the existence of differentiated states in time
series [9].

Taking as motivating application the evaluation of changes in ECG
morphology in the course of the a stress-inducing computer-based ac-
tivity, the evidence accumulation clustering method was applied and
evaluated using different clustering algorithms for the construction of
clustering ensembles as well as various algorithms for final extrac-
tion of the (combined) final partition; these various setups were ad-
ditionally explored in conjunction with feature selection and feature
extraction techniques.

The developed work presents several innovative aspects:
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• Stress-related ECG morphological changes. In previous work,
stress has been found to be associated with heart rate variability.
However, morphological changes have not been studied so far. In
our work, we addressed this issue, by assessing the temporal evo-
lution of ECG morphology, summarized in a similarity matrix
between heart beat waves, indices of the matrix corresponding
to increasing time stamps. Our results confirm this morphology
change hypothesis, showing clear dissimilarity between ECG pat-
terns at the beginning and at the end of the task; furthermore, by
clustering the learned similarity matrix using the CE approach,
such a hypothesis is confirmed by revealing distinct clusters.

• Methodology for the analysis of temporal data based on the clus-
tering ensemble approach.

• Genetic algorithm for temporal data denoising. Clustering of sta-
tionary temporal data with abrupt changes in the temporal organi-
zation model is a relatively simple problem. Given the continuous
time evolution of stress levels, clustering algorithms are deemed
to fail to detect well separated groups of patterns. Therefore,
elimination of samples that correspond to the continuous tran-
sition between distinct states (denoted as noisy patterns) is one
possible approach to detect if such meaningful distinct clusters
are present in the data. The genetic algorithm proposed identifies
and eliminates transition time frames based on a cluster separa-
bility fitness function.

A detailed description of the previous contributions can be found in
[9][10][11].

2.2 High order dissimilarities: Dissimilarity Increments

We have addressed the use of high order dissimilarity models in pat-
tern recognition and data mining problems. In this context we ex-
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plored dissimilarities between triplets of nearest neighbors, called dis-
similarity increments (DIs), previously proposed in [12]. In prior
work, based on empirical observation, dissimilarity increments were
modeled using an exponential distribution. This parametric model
for cluster representation formed the basis for a new cluster isola-
tion criterion, that was further integrated in a hierarchical clustering
algorithm, having an intuitive design parameter. During the period
covered by the current report, we have made the following progress:

• We have addressed the problem of analyzing clustering solutions
based on the formalism of probabilistic attributed graphs, explor-
ing dissimilarity increments. Assuming the previously proposed
statistical model for DIs, we presented a graph generative model
for the clusters. This formed the basis for the design of a new
cluster validity index, that consists of the description length of
the data partition, represented by a probabilistic attributed graph
inferred from the data, conditioned on the given partition [13].
Decision between clustering solutions based on the new index
follows a MDL criterion. We applied the proposed criterion in
two distinct scenarios: the selection of the design parameter for
the hierarchical clustering algorithm mentioned above, and the
choice between combination results in a clustering ensemble ap-
proach. Results on several data sets, consisting of both synthetic
and real data, revealed a good performance of the index in select-
ing a partition or design parameter.

• We have theoretically derived a statistical model of dissimilar-
ity increments for Gaussian high-dimensional data (d-DID), and
have particularized the model for d = 2 (2-DID). We empirically
compared these two distributions with a prior model considered
in [12] (exponential distribution) using two statistical distance
measures: Cramér-von-Mises criterion and Jensen-Shannon di-
vergence. Empirical evidence showed that d-DID and 2-DID are
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a better approximation to the empirical distribution than the ex-
ponential distribution and that 2-DID is a good approximation to
d-DID, while being simpler to compute [14]. A detailed version
of the derivation of the dissimilarity increments distribution for
gaussian d-dimensional data is presented in appendix A.

• We proposed the use of this distribution in clustering, having de-
signed a novel clustering algorithm [15]: the starting point is a
partition given by a Gaussian mixture decomposition and the de-
cision of merging components is based on a likelihood ratio test
between the statistical model for the combined components and
the statistical model for the separate components. In [14] we pro-
posed and evaluated another merge criterion based on the mini-
mum description length, thus obtaining a parameter-free cluster-
ing algorithm for arbitrary shaped data, yielding state-of-the-art
results in both synthetic and real-world data sets.

• We have proposed to incorporate this DID in a hierarchical clus-
tering algorithm to decide whether two clusters should be merged
or not [16]. The novel hierarchical algorithm is parameter-free
and can identify classes as the union of clusters following the
dissimilarity increments distribution. Experimental results have
shown that the proposed algorithm has excellent performance over
well separated clusters, also providing a good hierarchical struc-
ture insight into touching clusters.

• We have presented a novel maximum a posteriori (MAP) clas-
sifier [17] which uses the dissimilarity increments distribution.
This classifier, which we named MAP-DID, can be interpreted as
a Gaussian Mixture Model with a “harmonizing” operator which
forces a class to have a common increment structure, even though
each gaussian component within a class can have distinct means
and covariances. We have applied the classifier to the dissimi-
larity data sets assembled in WP3, both in their original dissim-
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ilarity representations, and over the several embeddings therein
explored. We have shown that MAP-DID outperforms multiple
other classifiers on the various datasets (both synthetic and real)
and embedding feature spaces.

Although theoretically derived for Gaussian data, we have shown
empirically that application of the DID to arbitrary data sets, without
the constraint of gaussianity, leads to good performances, both under
the supervised and unsupervised approaches. Ongoing work includes
a more general theoretical derivation of the distribution of dissimilar-
ity increments, with no assumption about the generating model, fo-
cusing on the distribution for the nearest neighbors. Our future plans
involve further exploration of the dissimilarity increments for classi-
fication purposes. This work is being conducted in collaboration with
TU-Delft.

3 Supervised Learning: Multiple Kernel Learning

Despite all the advances in kernel-based machine learning, obtaining
good predictors still requires a large effort in feature/kernel design
and tuning (often done via cross-validation). Because discriminative
training of structured predictors can be quite slow, especially in large-
scale settings, it is appealing to learn the kernel function simultane-
ously.

In multiple kernel learning (MKL, [18, 19]), the kernel is learned
as a linear combination of prespecified base kernels. This framework
has been made scalable with the advent of wrapper-based methods,
in which a standard learning problem (e.g., an SVM) is repeatedly
solved in an inner loop up to a prescribed accuracy [20, 21, 22, 23].
Unfortunately, extending such methods to large-scale (namely, struc-
tured prediction) still raises practical hurdles: when the output space
is large, so are the kernel matrices, and the number of support vec-
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tors; when it is prohibitive to tackle the inner learning problem in its
batch form, one often needs to resort to online algorithms [24, 25, 26];
the latter are fast learners but slow optimizers [27], hence using them
in the inner loop with early stopping may misguide the overall MKL
optimization.

In our work in this context, we have proposed to overcome the
above difficulties by proposing a stand-alone online MKL algorithm,
which exploits the large-scale tradeoffs directly. The algorithm, which
when applied to structured prediction problems is termed SPOM (Struc-
tured Prediction by Online MKL), iterates between subgradient and
proximal steps, and has important advantages:

(i) it is simple, flexible, and compatible with sparse and non-sparse
variants of MKL;

(ii) it is adequate for structured prediction;

(iii) it offers regret, convergence, and generalization guarantees. Our
approach can be seen as a kernelization of the recent forward-
backward splitting scheme FOBOS [28], whose regret bound we
improve.

This work, with a special emphasis on its application to structured
prediction problems, was reported in detail in an AISTAST’2011 (April,
2011) paper [30] and in a paper presented at the NIPS Workshop in
New Directions in Multiple Kernel Learning (December, 2010).
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A Dissimilarity Increments Distribution for Gaussian Data

B d-dimensional Gaussian distribution
Assume X is a d-dimensional set of patterns and an element of X is drawn from a normal distribution, xi ∼
N (µ,Σ), and the Euclidean distance is used as the dissimilarity measure. Without loss of generality, let’s
assume µ = 0 and Σ is a diagonal covariance matrix.

We want to find the distribution of the Euclidean distance between patterns, D = d(x,y) = ∥x− y∥ =√∑d
i=1(xi − yi)2.

B.1 Distribution of the Euclidean Distance
Let’s denote the new data pattern by x∗, so x∗

i = xi/
√
Σii follows the standard normal distribution, N (0, 1).

Now, x∗
i − y∗

i ∼ N (0, 2). Consider z∗i = (x∗
i − y∗

i )/
√
2 which will follow the standard normal distribution.

Then

(D∗)2 = ∥z∗∥2 =

d∑
i=1

(z∗i )
2
=

d∑
i=1

(x∗
i − y∗

i )
2

2

(D∗)2 follows a chi-square distribution with d degrees of freedom [31]. The probability density function (pdf)
is given by:

p
(D∗)2

(x) =
2−d/2

Γ(d/2)
xd/2−1 exp

(
−x

2

)
, x ∈ [0,∞) (1)

Define D∗ = z∗ = x∗−y∗

2
. We have a (d − 1)-sphere, then θi ∼ Unif([0, π[), i = 1, . . . , d − 2 and

θd−1 ∼ Unif([0, 2π[),

D∗ =D∗ cos θ1 e1 +D∗ sin θ1 cos θ2 e2 + . . .

+D∗ sin θ1 sin θ2 . . . sin θd−2 cos θd−1 ed−1

+D∗ sin θ1 sin θ2 . . . sin θd−2 sin θd−1 ed.

Furthermore, D = x− y = (b1, b2, . . . , bd), where

b1 =
√
2Σ11 D

∗ cos θ1

b2 =
√
2Σ22 D

∗ sin θ1 cos θ2

b3 =
√
2Σ33 D

∗ sin θ1 sin θ2 cos θ3 =
√
2Σ33 D

∗

[
2∏

k=1

sin θk

]
cos θ3

...

bd−1 =
√

2Σd−1,d−1 D
∗ sin θ1 sin θ2 . . . sin θd−2 cos θd−1 =

√
2Σd−1,d−1 D

∗

[
d−2∏
k=1

sin θk

]
cos θd−1

bd =
√
2Σdd D

∗ sin θ1 sin θ2 . . . sin θd−2 sin θd−1 =
√
2Σdd D

∗

[
d−1∏
k=1

sin θk

]
.
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We know that ∥ax∥ = |a| ∥x∥, so

D2 = ∥D∥2 = (
√
2Σ11 D

∗ cos θ1)
2 + (

√
2Σ22 D

∗ sin θ1 cos θ2)
2 + . . .

+

(√
2Σd−1,d−1 D

∗

[
d−2∏
k=1

sin θk

]
cos θd−1

)2

+

(
√
2Σdd D

∗

[
d−1∏
k=1

sin θk

])2

= 2

(
Σ11 cos

2 θ1 +Σ22 sin
2 θ1 cos

2 θ2 + . . .+Σd−1,d−1

[
d−2∏
k=1

sin2 θk

]
cos2 θd−1 +Σdd

[
d−1∏
k=1

sin2 θk

])
(D∗)2,

(2)

with A(Θ)2 (with Θ = (θ1, θ2, . . . , θd−1)) the expansion factor. Naturally this expansion factor will depend
on the angles Θ. In practice it is hard to properly deal with this dependence. Therefore we will use the
approximation that the expansion factor is constant and equal to the average value of the true expansion factor.

We must therefore find E[A(Θ)2]. Θ is the angular coordinate of a point in the (d− 1)-sphere. Therefore
the volume element of the integral will be

dSd−1V = sind−2 θ1 sin
d−3 θ2 . . . sin

2 θd−3 sin θd−2 dθ1 dθ2 . . .dθd−3 dθd−2 dθd−1

=

(
d−2∏
i=1

sind−(i+1) θi

)
dθ1 dθ2 . . .dθd−3 dθd−2 dθd−1,

and the expected value is given by

E[A(Θ)2] =

∫
Sd−1

[
d−2∏
i=1

pθi
(θi)

]
pθd−1

(θd−1)A(Θ)2 dSd−1V

Since θi ∼ Unif([0, π[), ∀i = 1, . . . , d − 2 and θd−1 ∼ Unif([0, 2π[), then pθi
(θi) = 1

π
and

pθd−1
(θd−1) =

1
2π

. So,

E[A(Θ)2] =
1

2πd−1

∫ 2π

0

∫ π

0

· · ·
∫ π

0

(
2Σ11 cos

2 θ1 + 2Σ22 sin
2 θ1 cos

2 θ2 + . . .

+ 2Σd−1,d−1

[
d−2∏
k=1

sin2 θk

]
cos2 θd−1 + 2Σdd

[
d−1∏
k=1

sin2 θk

])
·

·

(
d−2∏
i=1

sind−(i+1) θi

)
dθ1 dθ2 . . . dθd−3 dθd−2 dθd−1

We have d portions of a sum, so we need to solve the d− 1 integrals for each portion. We will use the fact that∫ π

0

cos2(x) sink(x) dx =

√
π Γ( 1+k

2
)

2 Γ(2 + k
2
)

and
∫ π

0

sink(x) dx =

√
π Γ( 1+k

2
)

Γ(1 + k
2
)

, with k > 0 integer.

Also,

M∏
k=1

√
π Γ( 1+k

2
)

Γ(1 + k
2
)

=
πM/2

Γ(1 + M
2
)

and
d∏

k=M

√
π Γ( 1+k

2
)

Γ(1 + k
2
)

=
π

d−M+1
2 Γ(M+1

2
)

Γ(1 + d
2
)

We will solve the integrals for each portion of the sum separately, and then combine all.
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(1) ∫ 2π

0

∫ π

0

· · ·
∫ π

0

2Σ11 cos
2 θ1

(
d−2∏
i=1

sind−(i+1) θi

)
dθ1 dθ2 . . .dθd−3 dθd−2 dθd−1

= 2Σ11

∫ 2π

0

dθd−1︸ ︷︷ ︸
2π

∫ π

0

sin θd−2 dθd−2︸ ︷︷ ︸
2

· · ·
∫ π

0

sind−3 θ2 dθ2︸ ︷︷ ︸
√

π Γ( d−2
2

)

Γ(1+ d−3
2

)

∫ π

0

cos2 θ1 sin
d−2 θ1 dθ1︸ ︷︷ ︸

√
π Γ( d−1

2
)

2 Γ(2+ d−2
2

)

= 2Σ112π

(
d−3∏
k=1

√
π Γ( 1+k

2
)

Γ(1 + k
2
)

) √
π Γ( d−1

2
)

2 Γ(2 + d−2
2

)

= 2Σ11π
πd−3/2

Γ( d−1
2

)

√
π Γ( d−1

2
)

Γ(1 + d
2
)

= 2Σ11
πd/2

Γ(1 + d
2
)

(2) ∫ 2π

0

∫ π

0

· · ·
∫ π

0

2Σ22 sin
2 θ1 cos

2 θ2

(
d−2∏
i=1

sind−(i+1) θi

)
dθ1 dθ2 . . . dθd−3 dθd−2 dθd−1

= 2Σ22

∫ 2π

0

dθd−1︸ ︷︷ ︸
2π

∫ π

0

sin θd−2 dθd−2︸ ︷︷ ︸
2

· · ·
∫ π

0

cos2 θ2 sin
d−3 θ2 dθ2︸ ︷︷ ︸

√
π Γ( d−2

2
)

2 Γ(2+ d−3
2

)

∫ π

0

sind θ1 dθ1︸ ︷︷ ︸
√

π Γ( d+1
2

)

Γ(1+ d
2
)

= 2Σ222π

(
d−4∏
k=1

√
π Γ( 1+k

2
)

Γ(1 + k
2
)

) √
π Γ( d−2

2
)

2 Γ(2 + d−3
2

)

√
π Γ( 1+d

2
)

Γ(1 + d
2
)

= 2Σ222π

(
d−4∏
k=1

√
π Γ( 1+k

2
)

Γ(1 + k
2
)

) √
π Γ( d−2

2
)

2 Γ(2 + d−3
2

)

(
d∏

k=d

√
π Γ( 1+k

2
)

Γ(1 + k
2
)

)

= 2Σ22π
π

d−4
2

Γ( d−2
2

)

√
π Γ( d−2

2
)

Γ( d+1
2

)

√
π Γ( d+1

2
)

Γ(1 + d
2
)

= 2Σ22
πd/2

Γ(1 + d
2
)

...

(d− 3) ∫ 2π

0

∫ π

0

· · ·
∫ π

0

2Σd−3,d−3

[
d−4∏
k=1

sin2 θk

]
cos2 θd−3

(
d−2∏
i=1

sind−(i+1) θi

)
dθ1 dθ2 . . .dθd−3 dθd−2 dθd−1

= 2Σd−3,d−32π

(
1∏

k=1

√
π Γ( 1+k

2
)

Γ(1 + k
2
)

) √
π Γ( 3

2
)

2 Γ(3)

(
d∏

k=5

√
π Γ( 1+k

2
)

Γ(1 + k
2
)

)

= 2Σd−3,d−3π
π1/2

Γ( 3
2
)

√
π Γ( 3

2
)

Γ(3)
π

d−4
2

Γ(3)

Γ(1 + d
2
)
= 2Σd−3,d−3

πd/2

Γ(1 + d
2
)
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(d− 2) ∫ 2π

0

∫ π

0

· · ·
∫ π

0

2Σd−2,d−2

[
d−3∏
k=1

sin2 θk

]
cos2 θd−2

(
d−2∏
i=1

sind−(i+1) θi

)
dθ1 dθ2 . . .dθd−3 dθd−2 dθd−1

= 2Σd−2,d−22π

√
π Γ(1)

2 Γ(2 + 1
2
)

(
d∏

k=4

√
π Γ( 1+k

2
)

Γ(1 + k
2
)

)

= 2Σd−2,d−2π
π1/2 Γ(1)

Γ( 5
2
)

π
d−3
2

Γ( 5
2
)

Γ(1 + d
2
)
= 2Σd−2,d−2

πd/2

Γ(1 + d
2
)

(d− 1) ∫ 2π

0

∫ π

0

· · ·
∫ π

0

2Σd−1,d−1

[
d−2∏
k=1

sin2 θk

]
cos2 θd−1

(
d−2∏
i=1

sind−(i+1) θi

)
dθ1 dθ2 . . .dθd−3 dθd−2 dθd−1

= 2Σd−1,d−1π

(
d∏

k=3

√
π Γ( 1+k

2
)

Γ(1 + k
2
)

)

= 2Σd−1,d−1π π
d−2
2

Γ(2)

Γ(1 + d
2
)
= 2Σd−1,d−1

πd/2

Γ(1 + d
2
)

(d) ∫ 2π

0

∫ π

0

· · ·
∫ π

0

2Σdd

[
d−1∏
k=1

sin2 θk

](
d−2∏
i=1

sind−(i+1) θi

)
dθ1 dθ2 . . . dθd−3 dθd−2 dθd−1

= 2Σddπ

(
d∏

k=3

√
π Γ( 1+k

2
)

Γ(1 + k
2
)

)

= 2Σddπ π
d−2
2

Γ(2)

Γ(1 + d
2
)
= 2Σdd

πd/2

Γ(1 + d
2
)

Which means, if we sum (1) to (d), we get

E[A(Θ)2] =
1

2πd−1

πd/2

Γ(1 + d
2
)
2 tr(Σ) =

π−d/2+1

Γ(1 + d
2
)
tr(Σ)

Therefore, the transformation equation (2) from the normalized space to the original space is

D2 =
π−d/2+1

Γ(1 + d
2
)
tr(Σ)(D∗)2

Now, we know that (D∗)2 ∼ χ2(d) and if Y = aX , a constant, with pX (x) the pdf of X , we get
pY (y) = pX (y/a) dx

dy
= pX (y/a) · 1/a. So, from equation (1), we have

p
D2 (w) =

dd/2 (Γ(d/2))d/2−1

(4 tr(Σ))d/2 π−d/2(d/2−1)
wd/2−1 exp

(
− d Γ(d/2) w

4 tr(Σ) π−d/2+1

)
, w ∈ [0,∞).

Again, we can assume that Y =
√
X ⇔ Y 2 = X , with pX (x) the pdf of X , we get pY (y) = pX (y2) dx

dy
=

pX (y2) · 2y. Therefore,

pD (z) =
21−d dd/2 (Γ(d/2))d/2−1

(tr(Σ))d/2 π−d/2(d/2−1)
zd−1 exp

(
− d Γ(d/2) z2

4 tr(Σ) π−d/2+1

)
, z ∈ [0,∞). (3)
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B.2 Probability Density Function for Increments
We already know that D1 = d(x,y) and D2 = d(y, z) follow the distribution with pdf in equation (3).
Consider D1 −D2 = W and D2 = T , with D1 = T +W , so the pdf for D1 −D2 is given by the convolution

pW (w) =

∫ ∞

−∞

22−2d dd Γ(d/2)d−2

(tr(Σ))d π−d(d/2−1)
(t(t+w))d−1 exp

(
− d Γ(d/2)

4 tr(Σ) π−d/2+1

(
t2 + (t+ w)2

))
U(t+w)U(t) dt

(4)
with U(·) the unit step function, U(t) = 1 if t ≥ 0 and U(t) = 0 if t < 0.

Assume C(d) = 22−2d(d/ tr(Σ))d Γ(d/2)d−2 πd(d/2−1) and A(d) = d Γ(d/2) 2−2 tr(Σ)−1 πd/2−1.
Case 1: w ≥ 0
In this case the integral we need to solve will be

pW (w) =

∫ ∞

0

C(d) (t(t+ w))d−1 exp
(
−A(d)

(
t2 + (t+ w)2

))
dt. (5)

By the binomial formula we have

(t(t+ w))d−1 = td−1

[
d−1∑
k=0

(
d− 1

k

)
td−1−kwk

]
=

d−1∑
k=0

(
d− 1

k

)
t2d−2−kwk

and replacing in (5), we get

pW (w) = C(d)

∫ ∞

0

d−1∑
k=0

(
d− 1

k

)
t2d−2−kwk exp

(
−A(d)

(
t2 + (t+ w)2

))
dt

= C(d)

[
d−1∑
k=0

(
d− 1

k

)
wk

∫ ∞

0

t2d−2−k exp
(
−A(d)

(
t2 + (t+ w)2

))
dt

]

= C(d)

[
d−1∑
k=0

(
d− 1

k

)
wk

∫ ∞

0

t2d−2−k exp

(
−A(d)

(√
2t+ w/

√
2
)2

+ w2/2

)
dt

]

= C(d)

[
d−1∑
k=0

(
d− 1

k

)
wk

∫ ∞

0

t2d−2−k exp
(
−A(d)w2/2

)
exp

(
−A(d)

(√
2t+ w/

√
2
)2)

dt

]

Let’s make a change of variables, assume u =
√
2t + w/

√
2. The interval of integration with the new

variable is
[
w/

√
2,∞

)
and dt

du
= 1/

√
2. Now the integral can be written as

pW (w) = C(d)

[
d−1∑
k=0

(
d− 1

k

)
wk

√
2

exp
(
−A(d)w2/2

) ∫ ∞

w/
√

2

(
u√
2
− w

2

)2d−2−k

exp
(
−A(d)u2) du

]
.

Again, by the binomial formula,(
u√
2
− w

2

)2d−2−k

=

2d−2−k∑
i=0

(−1)i
(
2d− 2− k

i

)(
u√
2

)2d−2−k−i (w
2

)i
,

substituting in the previous integral, we get

pW (w) = C(d)

[
d−1∑
k=0

(
d− 1

k

)
wk

√
2

exp
(
−A(d)w2/2

)
×[

2d−2−k∑
i=0

(−1)i
(
2d− 2− k

i

)
wi 2−d+k/2−i/2+1

∫ ∞

w/
√

2

u2d−2−k−i exp
(
−A(d)u2) du

]]
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Let’s make a new change of variables, assume x = u2. The interval of integration with the new variable is[
w2/2,∞

)
and du

dx
= x−1/2/2. Now the integral can be written as

pW (w) = C(d)

[
d−1∑
k=0

(
d− 1

k

)
wk

√
2

exp
(
−A(d)w2/2

)
×[

2d−2−k∑
i=0

(−1)i
(
2d− 2− k

i

)
wi 2−d+k/2−i/2+1

∫ ∞

w2/2

2−1x−1/2xd−1−k/2−i/2 exp (−A(d)x) dx

]]

= C(d)

[
d−1∑
k=0

(
d− 1

k

)
wk

√
2

exp
(
−A(d)w2/2

)
×[

2d−2−k∑
i=0

(−1)i
(
2d− 2− k

i

)
wi 2−d+k/2−i/2

∫ ∞

w2/2

xd−3/2−k/2−i/2 exp (−A(d)x) dx

]]

The upper incomplete gamma function is defined as

Γ(a, x) =

∫ ∞

x

ta−1e−t dt

and it is easy to prove that
Γ(a, bx)

ba
=

∫ ∞

x

ta−1e−bt dt,

Proof: We need to change variable, t = bu, the new interval of integration is [x,∞) and dt
du

= b.

Γ(a, bx) =

∫ ∞

bx

ta−1e−t dt =

∫ ∞

x

(bu)a−1e−bub du = ba
∫ ∞

x

ua−1e−bu du �

Now,

pW (w) = C(d)

[
d−1∑
k=0

(
d− 1

k

)
wk

√
2

exp
(
−A(d)w2/2

)
×[

2d−2−k∑
i=0

(−1)i
(
2d− 2− k

i

)
wi 2−d+k/2−i/2Γ

(
d− 1/2− k/2− i/2, A(d)w2/2

)
A(d)d−1/2−k/2−i/2

]]

Recall that C(d) = 22−2d(d/ tr(Σ))d Γ(d/2)d−2 πd(d/2−1) and A(d) = d Γ(d/2) 2−2 tr(Σ)−1 πd/2−1,

pW (w) = 21/2−d

(
d πd/2−1

tr(Σ) Γ(d/2)3

)1/2

exp

(
−d Γ(d/2) πd/2−1

8 tr(Σ)
w2

)[ d−1∑
k=0

2d−2−k∑
i=0

(−1)i
(
d− 1

k

)(
2d− 2− k

i

)
×

wk+i 2−k/2−3i/2

(
d Γ(d/2) πd/2−1

tr(Σ)

)k/2+i/2

Γ

(
2d− 1− k − i

2
,
d Γ(d/2) πd/2−1

8 tr(Σ)
w2

)]
(6)

We need to use some properties of the gamma function. Namely, Γ(z) = Γ(1+z) = zΓ(z), Γ(1/2) =
√
π

and Γ(1/2, z) =
√
π erfc(

√
z). Assume a is a rational positive number that can be written a = n+ 1/2, so

Γ(a, z) = e−z
n−1∑
k=0

Γ(a)

Γ(a− k)
za−1−k +

Γ(a)

Γ(a− n)
Γ(1/2, z)
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Therefore,

Γ(a, z) =


e−z

a−1/2−1∑
k=0

Γ(a)

Γ(a− k)
za−1−k + Γ(a) erfc(

√
z) if a− 1/2 ∈ Z+

(a− 1)! e−z
a−1∑
k=0

zk

k!
if a ∈ Z+

Case 2: w < 0
In this case the equation (4) is given by

pW (w) =

∫ ∞

−w

C(d) (t(t+ w))d−1 exp
(
−A(d)

(
t2 + (t+ w)2

))
dt.

To solve the previous integral we use the analogous ideas to the case w ≥ 0. Therefore, for w < 0,

pW (w) = 21/2−d

(
d πd/2−1

tr(Σ) Γ(d/2)3

)1/2

exp

(
−d Γ(d/2) πd/2−1

8 tr(Σ)
w2

)[ d−1∑
k=0

2d−2−k∑
i=0

(−1)i
(
d− 1

k

)(
2d− 2− k

i

)
×

(−w)k+i 2−k/2−3i/2

(
d Γ(d/2) πd/2−1

tr(Σ)

)k/2+i/2

Γ

(
2d− 1− k − i

2
,
d Γ(d/2) πd/2−1

8 tr(Σ)
w2

)]
(7)

Both W = w and W = −w yield the same value for |W |, and therefore the pdf for |W | obeys p|W |(w) =
pW (w) + pW (−w) = 2pW (w). Which means, the pdf for the dissimilarity increments is given by

p|W |(w) = 23/2−d

(
d πd/2−1

tr(Σ) Γ(d/2)3

)1/2

exp

(
−d Γ(d/2) πd/2−1

8 tr(Σ)
w2

)[ d−1∑
k=0

2d−2−k∑
i=0

(−1)i
(
2d− 2− k

i

)
×(

d− 1

k

)
wk+i 2−k/2−3i/2

(
d Γ(d/2) πd/2−1

tr(Σ)

)k/2+i/2

Γ

(
2d− 1− k − i

2
,
d Γ(d/2) πd/2−1

8 tr(Σ)
w2

)]
,

(8)

where

Γ(a, z) =


e−z

a−1/2−1∑
k=0

Γ(a)

Γ(a− k)
za−1−k + Γ(a) erfc(

√
z) if a− 1/2 ∈ Z+

(a− 1)! e−z
a−1∑
k=0

zk

k!
if a ∈ Z+

B.3 Empirical Estimation using the Expected Value
Pratically, tr(Σ) is sensitive to outliers, so we will rewrite the pdf (8) to be dependent of the mean of the
dissimilarity increments. Equivalently, we need to solve

E[w] =

∫ ∞

0

wpW (w) dw

Assume A = d Γ(d/2) πd/2−1 (2 tr(Σ))−1.

E[w] = 22−dA1/2 Γ(d/2)−2

[
d−1∑
k=0

2d−2−k∑
i=0

(−1)i
(
d− 1

k

)(
2d− 2− k

i

)
2−i Ak/2+i/2 ×∫ ∞

0

wk+i+1 exp

(
−A

4
w2

)
Γ

(
2d− k − i− 1

2
,
A

4
w2

)
dw

]
,
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We will use the following formula [32]∫ ∞

0

xa−1e−sx Γ(b, x) dx =
Γ(a+ b)

a(1 + s)a+b 2F1

(
1, a+ b; 1 + a;

s

1 + s

)
,

with Re(s) > −1, Re(a+ b) > 0, Re(a) > 0 (9)

where 2F1(a, b; c; z) is the hypergeometric function defined by

2F1(a, b; c; z) ≡ F (a, b; c; z) =
∞∑

n=0

(a)n(b)n
(c)n

zn

n!

on the disk |z| < 1. In general, F (a, b; c; z) does not exist when c = 0,−1,−2, . . .. (a)n is the Pochhammer’s
symbol

(a)0 = 1

(a)n = a(a+ 1)(a+ 2) . . . (a+ n− 1)

Firstly, let’s make the change of variables, assume x = A
4
w2, i.e., w = 2A−1/2x1/2. The interval of

integration with the new variable is [0,∞) and dw
dx

= A−1/2x−1/2. Now the integral can be written as∫ ∞

0

A−1/2 x−1/2(2A−1/2x1/2)k+i+1 e−x Γ

(
2d− k − i− 1

2
, x

)
dx

=

∫ ∞

0

2k+i+1A−k/2−i/2−1 xk/2+i/2 e−x Γ

(
2d− k − i− 1

2
, x

)
dx

Since 0 ≤ k ≤ d− 1 and 0 ≤ i ≤ 2d− k − 2 and d ≥ 2, we have

s = 1 > −1

a = k/2 + i/2 + 1 > 0

a+ b = k/2 + i/2 + 1 + d− k/2− i/2− 1/2 = d+ 1/2 > 0

which means we are in the conditions of equation (9), so

2k+i+1A−k/2−i/2−1

∫ ∞

0

xk/2+i/2 e−x Γ

(
2d− k − i− 1

2
, x

)
dx

= 2k+i+1A−k/2−i/2−1 Γ(d+ 1/2)

(k/2 + i/2 + 1)2d+1/2
F

(
1, d+ 1/2; k/2 + i/2 + 2;

1

2

)
Now we need to use the Euler’s tranformation formula defined by

F (a, b; c; z) = (1− z)c−a−b F (c− a, c− b; c; z),

we have, in our case,

c− a = k/2 + i/2 + 1

c− b = k/2 + i/2− d+ 3/2

c− a− b = k/2 + i/2− d+ 1/2

which means

2k+i+1A−k/2−i/2−1

∫ ∞

0

xk/2+i/2 e−x Γ

(
2d− k − i− 1

2
, x

)
dx

= 2k+i+1A−k/2−i/2−1 Γ(d+ 1/2)

(k/2 + i/2 + 1)2d+1/2

(
1

2

)k/2+i/2−d+1/2

×

F

(
k + i

2
+ 1,

k + i+ 3

2
− d;

k + i

2
+ 2;

1

2

)
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Also, the incomplete beta function is related to the hypergeometric function, and is defined by

Bz(p, q) =
zp

p
F (p, 1− q; p+ 1; z),

with p > 0, q > 0 and 0 ≤ z ≤ 1.
In our case, p = k+i

2
+ 1 > 0, q = d− k+i+1

2
= d− p+ 1/2 > 0 and 0 ≤ 1

2
≤ 1, we can write

2k+i+1A−k/2−i/2−1

∫ ∞

0

xk/2+i/2 e−x Γ

(
2d− k − i− 1

2
, x

)
dx

= 2k+i+1A−k/2−i/2−1 Γ(d+ 1/2)

(k/2 + i/2 + 1)2d+1/2

(
1

2

)k/2+i/2−d+1/2

×

k+i
2

+ 1(
1
2

)k/2+i/2+1
B 1

2

(
k + i

2
+ 1, d− k + i+ 1

2

)
,

where the incomplete beta function is defined by
Bz(m+ 1, d−m− 1/2) = 2

m∑
j=0

(
m

j

)
(−1)j

1− (1− z)d−m−1/2+j

2d− 2m− 1 + 2j
if m = 0, 1, . . . , d− 1

Bz(m+ 3/2, d−m− 1) =

d−m−2∑
j=0

(
d−m− 2

j

)
(−1)j

zm+3/2+j

m+ 3/2 + j
if m = 0, 1, . . . , d− 2

Proof: The incomplete beta function is defined by

Bz(a, b) =

∫ z

0

ta−1(1− t)b−1 dt.

Firstly, if m+ 1 ∈ N with m = 0, 1, . . . , d− 1, then

Bz(m+ 1, d−m− 1/2) =

∫ z

0

tm(1− t)d−m−3/2 dt.

Let’s make the change of variables, assume u = (1− t)1/2. The interval of integration with the new variable is[
(1− z)1/2, 1

]
and dt

du
= −2u. Now the integral can be written as

Bz(m+ 1, d−m− 1/2) = −
∫ 1

(1−z)1/2
(1− u2)m u2d−2m−3(−2u) du

= 2

∫ 1

(1−z)1/2
(1− u2)m u2d−2m−2 du.

Using the binomial formula we can writte (1− u2)m =
∑m

j=0

(
m
j

)
(−1)ju2j , therefore

Bz(m+ 1, d−m− 1/2) = 2

m∑
j=0

(
m

j

)
(−1)j

∫ 1

(1−z)1/2
u2d−2m−2+2j du

= 2

m∑
j=0

(
m

j

)
(−1)j

[
u2d−2m−1+2j

2d− 2m− 1 + 2j

]u=1

u=(1−z)1/2

= 2

m∑
j=0

(
m

j

)
(−1)j

1− (1− z)d−m−1/2+j

2d− 2m− 1 + 2j
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Now, if m+ 3/2 ∈ R+ with m = 0, 1, . . . , d− 2, then

Bz(m+ 3/2, d−m− 1) =

∫ z

0

tm+1/2(1− t)d−m−2 dt.

Using the binomial formula we have (1− t)d−m−2 =
∑d−m−2

j=0

(
d−m−2

j

)
(−1)j tj , therefore

Bz(m+ 3/2, d−m− 1) =

d−m−2∑
j=0

(
d−m− 2

j

)
(−1)j

∫ z

0

tm+1/2+j dt

=

d−m−2∑
j=0

(
d−m− 2

j

)
(−1)j

[
tm+3/2+j

m+ 3/2 + j

]t=z

t=0

=

d−m−2∑
j=0

(
d−m− 2

j

)
(−1)j

zm+3/2+j

m+ 3/2 + j
�

Therefore,

E[w] = 22−dA−1/2 Γ(d/2)−2 Γ(d+ 1/2)

[
d−1∑
k=0

2d−2−k∑
i=0

(−1)i
(
d− 1

k

)(
2d− 2− k

i

)
2k+1 ×

B 1
2

(
k + i

2
+ 1, d− k + i+ 1

2

)]
where

B 1
2
(m+ 1, d−m− 1/2) = 2

m∑
j=0

(
m

j

)
(−1)j

1− 2−d+m+1/2−j

2d− 2m− 1 + 2j
if m = 0, 1, . . . , d− 1

B 1
2
(m+ 3/2, d−m− 1) =

d−m−2∑
j=0

(
d−m− 2

j

)
(−1)j

2−m−3/2−j

m+ 3/2 + j
if m = 0, 1, . . . , d− 2

Recall that A = d Γ(d/2) πd/2−1 (2 tr(Σ))−1, so we can write

E[w] = 22−d
(
d Γ(d/2) πd/2−1 (2 tr(Σ))−1

)−1/2

Γ(d/2)−2 Γ(d+ 1/2)

[
d−1∑
k=0

2d−2−k∑
i=0

(−1)i ×(
d− 1

k

)(
2d− 2− k

i

)
2k+1B 1

2

(
k + i

2
+ 1, d− k + i+ 1

2

)]

and we want to find an expression for tr(Σ), therefore

tr(Σ)1/2 = E[w] 2d−5/2 d1/2 πd/4−1/2 Γ(d/2)5/2 Γ(d+ 1/2)−1

[
d−1∑
k=0

2d−2−k∑
i=0

(−1)i ×

(
d− 1

k

)(
2d− 2− k

i

)
2k+1B 1

2

(
k + i

2
+ 1, d− k + i+ 1

2

)]−1
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Abstract. In this paper we propose a new approach for consensus clus-
tering which is built upon the evidence accumulation framework. Our
method takes the co-association matrix as the only input and produces
a soft partition of the dataset, where each object is probabilistically as-
signed to a cluster, as output. Our method reduces the clustering problem
to a polynomial optimization in probability domain, which is attacked
by means of the Baum-Eagon inequality. Experiments on both synthetic
and real benchmarks data, assess the effectiveness of our approach.

1 Introduction

There is a close connection between the concepts of pairwise similarity and prob-
ability in the context of unsupervised learning. It is a common assumption that,
if two objects are similar, it is very likely that they are grouped together by
some clustering algorithm, the higher the similarity, the higher the probability
of co-occurrence in a cluster. Conversely, if two objects co-occur very often in
the same cluster (high co-occurrence probability), then it is very likely that they
are very similar. This duality and correspondence between pairwise similarity
and pairwise probability within clusters forms the core idea of the clustering
ensemble approach known as evidence accumulation clustering (EAC) [1].

Evidence accumulation clustering combines the results of multiple clusterings
into a single data partition by viewing each clustering result as an independent
evidence of pairwise data organization. Using a pairwise frequency count mech-
anism amongst a clustering committee, the method yields, as an intermediate
result, a co-association matrix that summarizes the evidence taken from the sev-
eral members in the clustering ensemble. This matrix corresponds to the maxi-
mum likelihood estimate of the probability of pairs of objects being in the same
group, as assessed by the clustering committee. One of the main advantages of
EAC is that it allows for a big diversification within the clustering committee.
Indeed, no assumption is made about the algorithms used to produce the data
partitions, it is robust to incomplete information, i.e., we may include partitions
over sub-sampled versions of the original data set, and no restriction is made on
the number of clusters of the partitions.



Once a co-association matrix is produced according to the EAC framework,
a consensus clustering is obtained by applying a clustering algorithm, which typ-
ically induces a hard partition, to the co-association matrix. Although having
crisp partitions as baseline for the accumulation of evidence of data organiza-
tion is reasonable, this assumption is too restrictive in the phase of producing
a consensus clustering. This is for instance the case for many important appli-
cations such as clustering micro-array gene expression data, text categorization,
perceptual grouping, labeling of visual scenes and medical diagnosis. In fact, the
importance of dealing with overlapping clusters has been recognized long ago
[2] and recently, in the machine learning community, there has been a renewed
interest around this problem [3, 4]. Moreover, by inducing hard partitions we
loose important information like the level of uncertainty of each label assign-
ment. It is also worth considering that the underlying clustering criteria of ad
hoc algorithms do not take advantage of the probabilistic interpretation of the
computed similarities, which is an intrinsic part of the EAC framework.

In this paper we propose a new approach for consensus clustering which is
built upon the evidence accumulation framework. Our idea was inspired by a
recent work due to Zass and Sashua [5]. Our method takes the co-association
matrix as the only input and produces a soft partition of the data set, where
each object is probabilistically assigned to a cluster, as output. In order to find
the unknown cluster assignments, we fully exploit the fact that each entry of the
co-association matrix is an estimation of the probability of two objects to be in a
same cluster, which is derived from the ensemble of clusterings. Indeed, it is easy
to see that under reasonable assumptions, the probability that two objects i and
j will occur in the same cluster is a function of the unknown cluster assignments
of i and j. By minimizing the divergence between the estimation derived from
the co-association matrix and this function of the unknowns, we obtain the result
of the clustering procedure. More specifically, our method reduces the cluster-
ing problem to a polynomial optimization in the probability domain, which is
attacked by means of the Baum-Eagon inequality [6]. This inequality, indeed,
provides us with a class of nonlinear transformations that serve our purpose. In
order to assess the effectiveness of our findings we conducted experiments on
both synthetic and real benchmark data sets.

2 A probabilistic model for clustering

Let O = {1, . . . , n} be a set of data objects (or simply objects) to cluster into
K classes and let E = {cli}

N
i=1 be an ensemble of N clusterings of O obtained

by running different algorithms with different parameterizations on (possibly)
sub-sampled versions of the original data set O. Data sub-sampling is herein
put forward as a most general framework for the following reasons: it favors
the diversification of the clustering ensemble; it models situations of distributed
clustering where local clusterers have only partial access to the data; by using
this type of data perturbation, the co-association matrix has an additional inter-



pretation of pairwise stability that can further be used for the purpose of cluster
validation [7].

Each clustering in the ensemble E is a function cli : Oi → {1, . . . ,Ki} from
the set of objects Oi ⊆ O to a class label. For the afore-mentioned reasons, Oi is
a subset of the original data set O and, moreover, each clustering may assume a
different number of classes Ki. We denote by Ωij the indices of the clusterings
where i and j have been classified, which is given by

Ωij = {p = 1 . . . N : i, j ∈ Op} .

Consider also Nij = |Ωij |, where | · | provides the cardinality of the argument,
which is the number of clusterings where i and j have been both classified.

The aim of our work is to learn, from the ensemble of clusterings E , how
to cluster the objects into K classes, without having, in principle, any other
information about the objects we are going to cluster. To this end, we start
from the assumption that objects can be softly assigned to clusters. Hence, the
clustering problem consists in estimating, for each object i ∈ O, an unknown
assignment yi, which is a probability distribution over the set of cluster labels
{1, . . . ,K}, or, in other words, an element of the standard simplex ∆K given by

∆K = {x ∈ RK
+ : ‖x‖1 = 1} ,

where R+ is the set of nonnegative reals, and ‖ ·‖1 is the ℓ1-norm. The kth entry
of yi thus provides the probability of object i to be assigned to cluster k. Given
the unknown cluster assignments yi and yj of objects i and j, respectively, and
assuming independent cluster assignments, the probability of them to occur in a
same cluster can be easily derived as y⊤

i yj . Suppose now Y = (y1, . . . ,yn) ∈ ∆n
K

to be the matrix formed by stacking the yi’s, which in turn form the columns of
Y . Then, the n × n matrix Y ⊤Y provides the co-occurrence probability of any
pair of objects in O.

For each pair of objects i and j, let Xij be a Bernoulli distributed random
variable (r.v.) indicating whether objects i and j occur in a same cluster. Note
that, according to our model, the mean (and therefore the parameter) of Xij is
y⊤

i yj , i.e., the probability of co-occurrence of i and j. For each pair of objects
i and j, we collect from the clusterings ensemble Nij independent realizations

x
(p)
ij of Xij , which are given by:

x
(p)
ij =

{

1 if clp(i) = clp(j) ,

0 otherwise .

for p ∈ Ωij . By taking their mean, we obtain the empirical probability of co-
occurrence cij , which is the fraction of times objects i and j have been assigned
to a same cluster:

cij =
1

Nij

∑

p∈Ωij

x
(p)
ij .

The matrix C = (cij), derived from the empirical probabilities of co-occurrence
of any pair of objects, is known as the co-association matrix within the evidence



accumulation-based framework for clustering [8, 1]. Since C is the maximum like-
lihood estimate of Y ⊤Y given the observations from the clustering ensemble E ,
we will refer to the former as the empirical co-association matrix, and to the
latter as the true co-association matrix.

At this point, by minimizing the divergence, in a least-square sense, of the
true co-association matrix from the empirical one, with respect to Y , we find a
solution Y ∗ of the clustering problem. This leads to the following optimization
problem:

Y ∗ = arg min ‖C − Y ⊤Y ‖2F

s.t. Y ∈ ∆n
K .

(1)

where ‖ · ‖F is the Frobenius norm. Note that Y ∗ provides us with soft assign-
ments of the objects to the K classes. Indeed, y∗

ki gives the probability of object
i to be assigned to class k. If a hard partition is needed, this can be forced
by assigning each object i to the highest probability class, which is given by:
arg maxk=1...K{y

∗
ki}. Moreover, by computing the entropy of each yi, we can

obtain an indication of the uncertainty of the cluster assignment for object i.

3 Related Work

In [5] a similar approach is proposed for pairwise clustering. First of all, a pre-
processing on the similarity matrix W looks for its closest doubly-stochastic
matrix F under ℓ1 norm, or Frobenius norm, or relative entropy [9]. The k-
clustering problem is then tackled by finding a completely-positive factorization
of F = (fij) in the least-square sense, i.e., by solving the following optimization
problem:

G∗ = arg min ‖F −G⊤G‖2F

s.t. G ∈ Rk×n
+ .

(2)

Note that this leads to an optimization program, which resembles (1), but
is inherently different. The elements gri of the resulting matrix G provide an
indication of object i to be assigned to class r. However, unlike our formulation,
these quantities are not explicit probabilities and it may happen for instance that
gri = 0 for all r = 1 . . . k, i.e., some objects may remain in principle unclassified.

The approach proposed to find a local solution of (2) consists in iterating
the following updating rule:

gri ←
gri

∑n

j 6=i grjfij

∑k

s=1 gsi

∑n

j 6=i gsjgrj

.

The computational complexity for updating all entries in G once (complete iter-
ation) is O(kn2), while we expect to find a solution in O(γkn2), where γ is the
average number of complete iterations required to converge. A disadvantage of
this iterative scheme is that updates must be sequential, i.e., we cannot update
all entries of G in parallel.



4 The Baum-Eagon inequality

In the late 1960s, Baum and Eagon [6] introduced a class of nonlinear transfor-
mations in probability domain and proved a fundamental result which turns out
to be very useful for the optimization task at hand. The next theorem introduces
what is known as the Baum-Eagon inequality.

Theorem 1 (Baum-Eagon). Let X = (xri) ∈ ∆n
k and Q(X) be a homoge-

neous polynomial in the variables xri with nonnegative coefficients. Define the

mapping Z = (zri) =M(X) as follows:

zri = xri

∂Q(X)

∂xri

/ k
∑

s=1

xsi

∂Q(X)

∂xsi

, (3)

for all i = 1 . . . n and r = 1 . . . k. Then Q(M(X)) > Q(X), unless M(X) = X.

In other words M is a growth transformation for the polynomial Q.

This result applies to homogeneous polynomials, however in a subsequent
paper, Baum and Sell [10] proved that Theorem 1 still holds in the case of
arbitrary polynomials with nonnegative coefficients, and further extended the
result by proving that M increases Q homotopically, which means that for all
0 ≤ η ≤ 1, Q(ηM(X) + (1− η)X) ≥ Q(X) with equality if and only ifM(X) =
X.

The Baum-Eagon inequality provides an effective iterative means for max-
imizing polynomial functions in probability domains, and in fact it has served
as the basis for various statistical estimation techniques developed within the
theory of probabilistic functions of Markov chains [11]. It is indeed not diffi-
cult to show that, by starting from the interior of the simplex, the fixed points
of the Baum-Eagon dynamics satisfy the first-order Karush-Kuhn-Tucker nec-
essary conditions for local maxima and that we have a strict local solution in
correspondence to asymptotically stable point.

5 The algorithm

In order to use the Baum-Eagon theorem for optimizing (1) we need to meet the
requirement of having a polynomial to maximize with nonnegative coefficients
in the simplex-constrained variables. To this end, we consider the following op-
timization program, which is proved to be equivalent to (1):

max 2Tr(CY ⊤Y ) + ‖Y ⊤EKY ‖2 − ‖Y ⊤Y ‖2

s.t. Y ∈ ∆n
K ,

(4)

where EK is the K×K matrix of all 1’s, and Tr(·) is the matrix trace function.

Proposition 1. The maximizers of (4) are minimizers of (1) and vice versa.

Moreover, the objective function of (4) is a polynomial with nonnegative coeffi-

cients in the variables yki, which are elements of Y .



Proof. Let P (Y ) and Q(Y ) be the objective functions of (1) and (4), respectively.
To prove the second part of the proposition note that trivially every term

of the polynomial ‖Y ⊤Y ‖2 is also a term of ‖Y ⊤EKY ‖2. Hence, Q(Y ) is a
polynomial with nonnegative coefficients in the variables yki.

As for the second part, by simple algebra, we can write Q(Y ) in terms of
P (Y ) as follows:

Q(Y ) = ‖C‖2 − P (Y ) + ‖Y ⊤EKY ‖2

= ‖C‖2 − P (Y ) + 1 ,

where we used the fact that ‖Y ⊤EKY ‖ = 1. Note that the removal of the
constant terms from Q(Y ) leaves its maximizers over ∆n

K unaffected. Therefore,
maximizers of (4) are also maximizers of −P (Y ) over ∆n

K and thus minimizers
of (1). This concludes the proof.

By Proposition 1 we can use Theorem 1 to locally optimize (4). This allows
us to find a solution of (1). Note that, in our case, the objective function is
not a homogeneous polynomial but, as mentioned previously, this condition is
not necessary [10]. By applying (3), we obtain the following updating rule for
Y = (yki):

y
(t+1)
ki = y

(t)
ki

n + [Y (C − Y ⊤Y )]ki

n +
∑

k y
(t)
ki [Y (C − Y ⊤Y )]ki

, (5)

where we abbreviated Y (t) with Y and any non-constant iteration of (5) strictly
decreases the objective function of (1).

The computational complexity of the proposed dynamics is O(γkn2), where
γ is the average number of iterations required to converge (note that in our
experiments we kept γ fixed). One remarkable advantage of this dynamics is
that it can be easily parallelized in order to benefit from modern multi-core
processors. Additionally, it can be easily implemented with few lines of Matlab
code.

6 Experiments

We conducted experiments on different real data-sets from the UCI Machine
Learning Repository: iris, house-votes, std-yeast-cell and breast-cancer. Addi-
tionally, we considered also the image-complex synthetic data-set, shown in fig-
ure 1. For each data-set, we produced the clustering ensemble E by running
different clustering algorithms, with different parameters, on subsampled ver-
sions of the original data-set (the sampling rate was fixed to 0.9). The clustering
algorithms used to produce the ensemble were the following [12]: Single Link
(SL), Complete Link (CL), Average Link (AL) and K-means (KM).

Table 1 summarizes the experimental setting that has been considered. For
each data-set, we report the optimal number of clusters K and the size n of the
data-set, respectively. As for the ensemble, each algorithm was run several times
in order to produce clusterings with different number of classes, Ki. For each



Data-Sets K n
Ensemble

Ki

iris 3 150 3-10,15,20
house-votes 2 232 2-10,15,20
std-yeast-cell 5 384 5-10,15,20
breast-cancer 2 683 2-10,15,20
image-complex 8 1000 8-15,20,30, 37

Table 1. Benchmark data-sets and parameter values used with different clustering
algorithms (see text for description).

clustering approach and each parametrization of the same we generated N = 100
different subsampled versions of the data-set.

Once all the clusterings have been generated, we grouped them by algorithm
into several base ensembles, namely ESL, EAL, ECL and EKM. Moreover, we created
a large ensemble EAll from the union of all of them. For each ensemble we created
a corresponding co-association matrix, namely CSL, CAL, CCL, CKM and CAll.
For each of these co-association matrices, we applied our Pairwise Probabilistic
Clustering (PPC) approach, and compared it against the performances obtained
with the same matrices by the agglomerative hierarchical algorithms SL, AL
and CL. Each method was provided with the optimal number of classes as input
parameter.

Figure 2 summarizes the results obtained over the benchmark data-sets. The
performances are assessed in terms of accuracy, i.e., the percentage of correct
labels. When we consider the base ensembles, i.e., ESL, EAL, ECL and EKM, on
average our approach achieves the best results, although other approaches, such
as the AL, perform comparably well. Our algorithm, however, outperforms the
competitors when we take the union EAll of all the base ensembles into account.
Interestingly, the results obtained by PPC on the combined ensemble are as
good as the best one obtained in the base ensembles and, in some cases like the
image-complex dataset, they are even better.

The different levels of performance obtained by the several algorithms over
the different clustering ensembles, as shown in Figures 2(a) to 2(d), are illustra-
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Fig. 1. Image Complex Synthetic data-set.
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Fig. 2. Experiments on benchmark data-sets.

tive of the distinctiveness between the underlying clustering ensembles, and the
diversity of clustering solutions. It is then clear that the ensemble EAll has the
largest diversity when compared to the individual ensembles; this is quantita-
tively confirmed when computing average pairwise consistency values between
partitions in the individual CEs and the one resulting by the merging of these.
This higher diversity causes the appearance of noisy-like structure in the co-
association matrices. This is illustrated in Figures 3(a) and 3(b) corresponding
to the co-association matrices CAL and CKM, respectively, when compared to the
CAll in Figure 4(a). The better performance of the PPC algorithm on the latter
CE, can be attributed to a leveraging effect over these local noisy estimates, thus
better unveiling the underlying structure of the data. This is illustrated next.

Figures 4(a) and 4(b) show the empirical co-association matrix CAll and the
true one, respectively, for the breast-cancer data-set. While the block structure
of two clusters is apparent in both figures, we can see that the true co-association
turns out to be less noisy than the empirical one. In Figure 4(c) we plot the soft
cluster assignments, Y . Here, object indices are on the x-axis, and probabilities
are on the y-axis, each curve representing the profile of a cluster. As one can see
from the cluster memberships, the two clusters can be clearly evinced, although
there is a higher level of uncertainty in the assignments of objects belonging to



(a) CAL (b) CKM

Fig. 3. Co-association matrices with ensembles EAL and EKM .

the smallest cluster. Indeed, this can also be seen in Figure 4(d), where we plot
the uncertainty hi in the cluster assignments, which is computed for each object
i as the normalized entropy of yi, i.e.,

hi = −

∑K

k=1 yki log(yki)

log(K)
.

7 Conclusion

In this paper we introduced a new approach for consensus clustering. Taking ad-
vantage of the probabilistic interpretation of the computed similarities of the the
co-association matrix, derived from the ensemble of clusterings, using the Evi-
dence Accumulation Clustering, we propose a principled soft clustering method.
Our method reduces the clustering problem to a polynomial optimization in
probability domain, which is attacked by means of the Baum-Eagon inequality.
Experiments on both synthetic and real benchmarks assess the effectiveness of
our approach.
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Abstract. Evidence accumulation clustering (EAC) is a clustering com-
bination method in which a pair-wise similarity matrix (the so-called
co-association matrix) is learnt from a clustering ensemble. This co-
association matrix counts the co-occurrences (in the same cluster) of
pairs of objects, thus avoiding the cluster correspondence problem faced
by many other clustering combination approaches. Starting from the
observation that co-occurrences are a special type of dyads, we pro-
pose to model co-association using a generative aspect model for dyadic
data. Under the proposed model, the extraction of a consensus cluster-
ing corresponds to solving a maximum likelihood estimation problem,
which we address using the expectation-maximization algorithm. We re-
fer to the resulting method as probabilistic ensemble clustering algorithm
(PEnCA). Moreover, the fact that the problem is placed in a probabilistic
framework allows using model selection criteria to automatically choose
the number of clusters. To compare our method with other combina-
tion techniques (also based on probabilistic modeling of the clustering
ensemble problem), we performed experiments with synthetic and real
benchmark data-sets, showing that the proposed approach leads to com-
petitive results.

Keywords: Unsupervised learning, clustering, clustering Combination,
generative models, model Selection

1 Introduction

Although clustering is one of the oldest and most studied problems in statistical
data analysis, pattern recognition, and machine learning, it is still far from being
considered solved and continues to stimulate a considerable amount of research.
Given a set of unlabeled objects, the classical goal of clustering is to obtain a
partition of these objects into a set of K classes/groups/clusters (where K itself
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may be known or unknown). Numerous clustering algorithms having proposed
in the past decades, but none can be considered of general applicability, mainly
because each method is intimately attached to a particular answer to the key
question that underlies clustering: “what is cluster?”. For example, methods
designed under the assumption that a cluster is a compact set of objects will fail
to identify connected sets of objects [7].

Clustering combination techniques, which constitute a recent and promis-
ing research trend [1], [5], [8], [9], [17], [18], typically outperform stand-alone
clustering algorithms and provide a higher degree of adaptability of the cluster
structure to the data. The rationale behind clustering combination methods is
that, in principle, a “better” and “more robust” partitioning of the data may be
achieved by combining the information provided by an ensemble of clusterings
than by using a single clustering (or clustering method).

Ensemble-based clustering techniques exploit the diversity of clustering so-
lutions available in an ensemble of partitions, by proposing a consensus par-
tition that leverages individual clustering results. One key aspect of this type
of methods is that diversity can be created without any assumption about the
data structure or underlying clustering algorithm(s). Moreover, ensemble meth-
ods are robust to incomplete information, since they may include partitions
obtained from sub-sampled versions of the original dataset, from different data
representations, from different clustering algorithms, and no assumptions need
to be made about the number of clusters of each partition in the ensemble.

Evidence accumulation clustering (EAC), proposed by Fred and Jain [8], [9],
is an ensemble-based method that seeks to find consistent data partitions by
considering pair-wise relationships. The method can be decomposed into three
major steps:

(i) construction of the clustering ensemble;
(ii) accumulation of the “clustering evidence” provided by ensemble;
(iii) extraction of the final consensus partition from the accumulated evidence.

In the combination/accumulation step (ii), the clustering ensemble is trans-
formed into matrix, termed the co-occurrence matrix, where each entry counts
the number of clusterings in the ensemble in which each pair of objects were
placed in the same cluster. A key feature of EAC is that obtaining the co-
occurrence matrix does not involve any type of cluster correspondence, a non-
trivial problem with which many other clustering ensemble methods have to
deal.

The theory of dyadic data analysis, as defined by Hofmann et al. [13], fits
perfectly with the EAC approach. In dyadic data, each elementary observation is
a dyad (a pair of objects), possibly complemented with a scalar value expressing
strength of association [13]. As explained in detail in Section 2, the co-association
matrix obtained in the EAC approach can be interpreted as an aggregation of
the information provided by an observed set of pairs of objects, thus can be seen
as a dyadic dataset.

Hofmann et al. [13] proposed a systematic, domain independent framework
for learning from dyadic data using generative mixture models. In this paper, we
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apply those ideas to the EAC formulation, yielding a generative model for the
clustering ensemble. In the proposed approach, the consensus partition extrac-
tion step naturally consists in solving a maximum likelihood estimation (MLE)
problem, which is addressed with the expectation-maximization (EM) algorithm
[4]. We refer to the proposed method as probabilistic ensemble clustering algo-
rithm (PEnCA).

One of the advantages of this MLE-based approach is the possibility of in-
clusion of a model selection criterion to estimate the number of cluster in the
consensus partition. To that end, we can use a simple version of the minimum
description length (MDL) criterion [15] or adaptation for mixtures [6] or even
more recent and sophisticated methods [2].

This paper is organized as follows: in Section 2, we present the generative
aspect model for the co-association matrix and a maximum likelihood estimation
criterion for the consensus partition. Section 4 reviews some related work. Ex-
perimental results on both synthetic and real benchmark datasets are presented
in Section 5. Finally, Section 6 concludes the paper by drawing some conclusions
and giving pointers to future work.

2 Generative Model for Evidence Accumulation
Clustering

2.1 Clustering Ensembles and Evidence Accumulation

The goal of evidence accumulation clustering (EAC) is to combine the results of
an ensemble of clusterings into a single data partition, by viewing each clustering
as an independent piece of evidence about the pairwise organization of the set
of objects under study.

Consider a set of N objects X = {1, . . . , N} to be clustered; without loss
of generality1, we simply index these objects with the integers from 1 to N .
A clustering ensemble (CE), P, is defined as a set of M different partitions of
the set X , that is, P = {P1, . . . ,PM}, where each Pi is a partition with Ki

clusters: Pi = {Ci
1, . . . , Ci

Ki
}. This means that Ci

k ⊆ X , for any i = 1, ...,M and
k = 1, ...,Ki, and that the following constraints are satisfied:

(k 6= j) ⇒ Ci
k ∩ Ci

j = ∅, for i = 1, ...,M (1)

and
Ki⋃
k=1

Ci
k = X , for i = 1, ...,M. (2)

Although higher-order information could be extracted from P, the EAC ap-
proach focuses on the pair-wise information contained in P, which is embodied

1 Any characteristics of the objects themselves (feature vectors, distances, ...) are only
relevant for the individual clusterings of the ensemble and are thus encapsulated
under the clustering ensemble obtained and irrelevant for the subsequent steps.
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in a sequence S of all the pairs of objects co-occurring in a common cluster of
one of the partitions of the ensemble P. Clearly, the number of pairs in S is

|S| =
M∑
i=1

Ki∑
k=1

|Ci
k|
(
|Ci

k| − 1
)
, (3)

where |Ci
k| denotes the number of objects in the k-th cluster of partition Pi.

Each element of S is a pair (ym, zm) ∈ X ×X , for m = 1, ..., |S|, such that there
exists one cluster in one of the partitions, say Ci

k, for which ym 6= zm, ym ∈ Ci
k

and zm ∈ Ci
k.

The (N×N) co-association matrixC = [Cy,z], which is the central element in
the EAC approach, collects a statistical summary of S by counting the number
of clusterings in which each pair of objects falls in the same cluster; formally,
the element (y, z) of matrix C is defined as

Cy,z =

|S|∑
m=1

I
(
(ym, zm) = (y, z)

)
, for y, z ∈ X (4)

where I is the indicator function (equal to one if its argument is a true propostion,
and equal to zero if it is a false proposition). Naturally, matrix C is symmetrical
because if some pair (a, b) ∈ S, then also (b, a) ∈ S. Because the set S does not
contain pairs with repeated elements (of the form (z, z)), the diagonal elements
are all zero.

2.2 Generative Model

Inspired by [11], [12], [13], we adopt a generative model for S, by interpreting it
as samples of |S| independent and identically distributed pairs of random vari-
ables (Ym, Zm) ∈ X ×X , for m = 1, ..., |S|. Associated with each pair (Ym, Zm),
there is a set of |S| multinomial latent class variable Rm ∈ {1, ..., L}, also inde-
pendent and identically distributed, conditioned on which the variables Ym and
Zm themselves are mutually independent and identically distributed, that is

P (Ym = y, Zm = z|Rm = r) = P (Ym = y|Rm = r)P (Zm = z|Rm = r) (5)

and

P (Zm = z|Rm = r) = P (Ym = z|Rm = r), (6)

for any r ∈ {1, ..., L}, and z ∈ {1, ..., N}. The rationale supporting the adoption
of this model for clustering is that if there is an underlying cluster structure
revealed by the observations in S, then this structure may be captured by the
the different conditional probabilities. For example, if L = 2 and there are two
clearly separated clusters, {1, ..., T} and {T +1, ..., N}, then P (Ym = z|Rm = 1)
will have values close to zero, for z ∈ {T + 1, ..., N}, and relatively larger values
for z ∈ {T+1, ..., N}, whereas P (Ym = z|Rm = 2) will have the reverse behavior.
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The modeling assumptions in (5) and (6) correspond to a mixture model for
(Ym, Zm) of the form

P (Ym = y, Zm = z) =
L∑

r=1

P (Ym = y|Rm = r)P (Ym = z|Rm = r)P (Rm = r),

(7)
which induces a natural mechanism for generating a random sample from (Ym, Zm):
start by obtaining a sample r of the random variable Rm (with probability
P (Rm = r)); then, obtain two independent samples y and z, with probabilities
P (Ym = y|Rm = r) and P (Ym = z|Rm = r).

The model is parameterized by the (common) probability distribution of
the latent variables Rm, (P (Rm = 1), ..., P (Rm = L)), and by the L conditional
probability distributions (P (Ym = 1|Rm = r), ..., P (Ym = N |Rm = r)), for r =
1, ..., L. We write these distributions compactly as an L-vector p = (p1, ..., pL),
where pr = P (Rm = r) (for any m = 1, ..., |S|) and an L×N matrix B = [Br,j ],
where Br,j = P (Ym = j|Rm = r) = P (Zm = j|Rm = r) (for any m = 1, ..., |S|).
With this notation, we can write

P (Y = y, Z = z,R = r) = pr Br,y Br,z, (8)

and

P (Y = y, Z = z) =
L∑

r=1

pr Br,y Br,z. (9)

With the generative model in hand, we can now write the probability distri-
bution for the observed set of pairs S = {(ym, zm), m = 1, ..., |S|}, assumed to
be independent and identically distributed samples of (Y, Z):

P (S|p,B) =

|S|∏
m=1

L∑
r=1

pr Br,ym Br,zm . (10)

Consider now the so-called complete data, which, in addition to S (the sam-
ples (ym, zm) of (Ym, Zm), for m = 1, ..., |S|), also contains the corresponding
(missing/latent) samples of the random variables Rm, R = {rm, m = 1, ..., |S|}.
The so-called complete likelihood is then

P (S,R|p,B) =

|S|∏
m=1

prmBrm,ymBrm,zm (11)

=

|S|∏
m=1

L∏
r=1

(
pr Br,ym Br,zm

)I(rm=r)
. (12)

Although it would be computationally very easy, it is not possible to obtain
maximum likelihood estimates of p and B from (12), because R is not observed.
Alternatively, we will resort to the EM algorithm, which will provide maximum
marginal likelihood estimates of p and B, by maximizing P (S|p,B) with respect
to these parameters.
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3 The Expectation Maximization Algorithm

According to the generative model described in the previous section, each pos-
sible value of Rm ∈ {1, ..., L} corresponds to one of the L clusters and each
probability Br,j = P (Ym = j|Rm = r) is the probability that cluster r “owns”
object j, which can be seen as a soft assignment. Consequently, estimating ma-
trix B will reveal the underlying (consensus) cluster structure. We pursue that
goal by using the EM algorithm [4], where R is the missing data.

3.1 The E-step

The complete log-likelihood (the expectation of which is computed in the E-step)
can be obtained from (12),

logP (S,R|p,B) =

|S|∑
m=1

L∑
r=1

I(rm = r) log
(
pr Br,ym Br,zm

)
. (13)

The E-step consists in computing the conditional expectation of logP (S,R|p,B)

with respect to R, conditioned on the current parameter estimates p̂ and B̂ and
the observed S, yielding the well-known Q-function. Since logP (S,R|p,B) is a
linear function of the (latent) binary indicator variables I(Rm = r),

Q(p,B; p̂, B̂) =

|S|∑
m=1

L∑
r=1

E
[
I(Rm = r)

∣∣∣S, p̂, B̂]
log

(
pr Br,ym Br,zm

)
(14)

=

|S|∑
m=1

L∑
r=1

R̂m,r log
(
pr Br,ym Br,zm

)
, (15)

where

R̂m,r ≡ E
[
I(Rm = r)

∣∣∣S, p̂, B̂]
= P

[
Rm = r

∣∣∣(ym, zm), p̂, B̂
]
, (16)

due to the independence assumption among the pairs and the fact that I(Rm = r)

is a binary variable. The meaning of R̂m,r is clear: the conditional probability
that the pair (ym, zm) was generated by cluster r. Finally, we can write

R̂m,r =
p̂r B̂r,ym B̂r,zm

L∑
s=1

p̂s B̂s,ym B̂s,zm

, (17)

which is then plugged into (15).
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3.2 The M-step

The M-step consists in maximizing, with respect to p and B, the Q-function,
which we now write as

Q(p,B; p̂, B̂) =

|S|∑
m=1

L∑
r=1

R̂m,r log
(
pr
)
+

|S|∑
m=1

L∑
r=1

R̂m,r log
(
Br,ym Br,zm

)
, (18)

showing that, as is common in EM for mixture models, the maximizations with
respect to p and B can be carried out separately.

The maximization with respect to p (of course, under the constraints that

pr ≥ 0, for r = 1, ..., L and
∑L

r=1 pr = 1) leads to the well-known

p̂ new
r =

1

|S|

|S|∑
m=1

R̂m,r for r = 1, ..., L. (19)

For the maximization with respect to B, we begin by writing the relevant
terms of (18) as

|S|∑
m=1

L∑
r=1

R̂m,r log
(
Br,ym Br,zm

)
=

L∑
r=1

N∑
y=1

N∑
z=1

Ĉ r
y,z log

(
Br,y Br,z

)
(20)

=

L∑
r=1

N∑
y=1

log
(
Br,y

) N∑
z=1

Ĉ r
y,z +

L∑
r=1

N∑
z=1

log
(
Br,z

) N∑
y=1

Ĉ r
y,z (21)

= 2
L∑

r=1

N∑
y=1

log
(
Br,y

) N∑
z=1

Ĉ r
y,z (22)

where

Ĉ r
y,z =

|S|∑
m=1

R̂m,r I((ym, zm) = (y, z)), (23)

for r = 1, ..., L and y, z ∈ {1, ..., N} and the equality in (22) is due to the

symmetry relation Ĉ r
y,z = Ĉ r

z,y. Comparison of (23) with (4) shows that Ĉ r
y,z

is a weighted version of the co-association matrix; instead of simply counting
how many times the pair (y, z) appeared in a common cluster in the clustering
ensemble, each of these appearances is weighted by the probability that that
particular co-occurrence was generated by cluster r. We thus have L weighted
co-association matrices, Ĉ1, ..., ĈL, whose elements are given by (23).

Finally, maximization of (22) with respect to Br,y, under the constraints

Br,y ≥ 0, for all r = 1, ..., L and y = 1, ..., N , and
∑N

y=1 Br,y = 1, for all
r = 1, ..., L, leads to

B̂ new
r,y =

N∑
z=1

Ĉ r
y,z

N∑
t=1

N∑
z=1

Ĉ r
t,z

. (24)
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3.3 Summary of the Algorithm and Interpretation of the Estimates

In summary, the proposed EM algorithm, termed PEnCA (probabilistic ensem-
ble clustering algorithm) works as follows:

1. Given the set of objects, obtain an ensemble P of clusterings and, from this
ensemble, build the set S of co-occurring pairs (see Section 2.1).

2. Choose a number of clusters, L, and initialize the parameter estimates p̂ and
B̂.

3. Perform the E-step, by computing R̂m,r, for m = 1, ..., |S| and r = 1, ..., L
according to (17).

4. Compute the weighted co-association matrices Ĉ1, ..., ĈL, according to (23).
5. Update the parameter estimates according to (19) and (24).
6. If some stopping criterion is satisfied, stop; otherwise go back to step 3.

The parameter estimates returned by the algorithm have clear interpreta-
tions: p̂1, ..., p̂L are the probabilities of the L clusters; each distribution B̂r,1, ..., B̂r,N

can be seen as the sequence of degrees of ownership of the N objects by cluster r.
This is in contrast with the original EAC work [8, 9], where once a co-association
matrix is obtained, a consensus clustering is sought by applying a some hard clus-
tering algorithm. Notice that these soft ownerships are obtained even if all the
clusterings in the ensemble are hard. It is also elementary to obtain an estimate
of probability that object y belongs to cluster r (denoted as V̂y,r), by applying
Bayes law:

V̂y,r = P̂ (R = r|Y = y) =
B̂r,y p̂r

L∑
s=1

B̂s,y p̂s

. (25)

4 Related Work

Topchy et al. introduced a combination method based on probabilistic model
of the consensus partition, in the space of contributing clusters of the ensem-
ble [18] [19]. As in present work, the consensus partition is found by solving
a maximum likelihood estimation problem with respect to the parameters of a
finite mixture distribution. Each mixture component is a multinomial distribu-
tion and corresponds to a cluster in the target consensus partition. As in this
work, the maximum likelihood problem is solved using the EM algorithm. Our
method differs from that of Topchy et al. in that it is based on co-association
information.

Wang et al. extented the idea, with a model entitled Bayesian cluster ensem-
bles (BCE) [20]. It is a mixed-membership model for learning cluster ensembles,
assuming that they were generated by a graphical model. Although the posterior
distribution cannot be calculated in closed, it is approximated using variational
inference and Gibbs sampling. That work is very similar to the latent Dirichlet
allocation (LDA) model [10], [16], but applied to a different input feature space.
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Bulò et al. presented a method built upon the EAC framework where the co-
association matrix was probabilisticly interpreted, and the extracted consensus
solution consisted in a soft partition [3]. The method reduced the clustering
problem to a polynomial optimization in the probability domain, solved using
the Baum-Eagon inequality.
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Fig. 1. Synthetic two-dimensional datasets.

5 Experimental Results and Discussion

In this section, we present results for the evaluation of the proposed algorithm
(which we refer to as PEnCA – probabilistic ensemble clustering algorithm) on
several synthetic and real-world benchmark datasets from the well known UCI
(University of California, Irvine) repository2. Figure 1 presents the four synthetic
two-dimensional datasets used for this study.

To produce the clustering ensembles, we extend [14], where the classical K-
means algorithm is used, and the several partitions in the ensembles are obtained

2 http://www.ics.uci.edu/~mlearn/MLRepository.html
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Fig. 2. Example of co-association matrix for the Iris dataset.

by varying the numbers of clusters and the initialization. The minimum and the
maximum number of clusters varied as a function of the number of samples,
according to the following rule:

{Kmin,Kmax} =
{
max

(
d
√
N/2e, dN/50e

)
,Kmin + 20

}
,

Figure 2 shows a co-association matrix obtained for the Iris dataset, using
an ensemble produced with the proposed rule.
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Fig. 3. Soft assignments obtained by PEnCA for the Iris dataset.
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The color scheme of the representation ranges from white (C(y, z) = 0) to
black (C(y, z) = M). Notice the evident block diagonal structure, and the clear
separation the between the three clusters (Setosa, Versicolour, and Virginica).

Figure 3 presents the probabilistic assignment of each sample to each cluster,
given by the posterior probabilities V̂y,r (see 25)) obtained after running the EM
algorithm with L = 3. Notice that the assignments of the last fifty labels are
noisier due to the not so clear separation of clusters 2 and 3, as can be seen in
co-association matrix in Figure 2.
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Fig. 4. Results on the optdigits-r-tra-1000 dataset: accuracy (mean and standard de-
viation) over the several trials and for different number of aspects.

In a second set of experiments, we compared the results of PEnCA with those
obtained with the approach from [18] (which we will refer to as MM – mixture
model). The performance of the two methods was systematically assessed in
terms of accuracy, by comparing the respective consensus partitions with ground
truth clusterings. The accuracy is calculated using the consistency index (CI) [8]
which provides percentages of correct labels. For each ensemble, we have repeated
the extraction of the consensus partition 10 times, in order to test the variability
of the result and the dependence of the initialization.

Figure 4 shows the results for the optdigits-r-tra-1000 dataset, the variability
in the accuracy over the several trials, and for different numbers of clusters. The
dashed and solid lines represent, respectively, the PEnCA and the MM results;
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blue and red represent results for ensemble (a) and (b). Notice that the variability
in the accuracy on both models is of the same order of magnitude (in this example
approximately 5% of the absolute value) and that PEnCA has always achieves
higher accuracies than MM.

Finally, Table 1 reports the results obtained on several benchmark datasets
(four synthetic and eight USI datasets).The best result for each dataset is shown
in bold. These results show that PEnCA almost always achieves better accuracy
than MM.

Table 1. Results obtained on the benchmark datasets (see text for details)

Data Set N K PEnCA MM

stars 114 2 0.921 0.737
cigar-data 250 4 0.712 0.812
bars 400 2 0.985 0.812
halfrings 400 2 1.000 0.797

iris-r 150 3 0.920 0.693
wine-normalized 178 3 0.949 0.590
house-votes-84-normalized 232 2 0.905 0.784
ionosphere 351 2 0.724 0.829
std-yeast-cellcycle 384 5 0.729 0.578
pima-normalized 768 2 0.681 0.615
Breast-cancers 683 2 0.947 0.764
optdigits-r-tra-1000 1000 10 0.876 0.581

6 Conclusions and Future Work

In this paper, we have proposed a probabilistic generative model for consensus
clustering, based on a dyadic aspect model for evidence accumulation clustering
framework.

Given an ensemble of clusterings, the consensus partition is extracted by solv-
ing a maximum likelihood estimation problem via the expectation-maximization
(EM).

The output of the method is a probabilistic assignment of each sample to
each cluster, which is an advantage over previous works using the evidence ac-
cumulation framework.

Experimental assessment of the performance of the proposed method has
shown that it outperforms another recent probabilistic approach to ensemble
clustering.

One of the advantages of this framework is the possibility of inclusion of a
model selection criterion. We hope to address this issue in future.

On going work on different initialization schemes and strategies to escape
from local solutions is being carried on.
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A Study of Embedding Methods under the Evidence
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Abstract. In this paper we address a voting mechanism to combine clustering
ensembles leading to the so-called co-association matrix, under the Evidence Ac-
cumulation Clustering framework. Different clustering techniques can be applied
to this matrix to obtain the combined data partition, and different clustering strate-
gies may yield too different combination results. We propose to apply embedding
methods over this matrix, in an attempt to reduce the sensitivity of the final parti-
tion to the clustering method, and still obtain competitive and consistent results.
We present a study of several embedding methods over this matrix, interpreting
it in two ways: (i) as a feature space and (ii) as a similarity space. In the first
case we reduce the dimensionality of the feature space; in the second case we
obtain a representation constrained to the similarity matrix. When applying sev-
eral clustering techniques over these new representations, we evaluatethe impact
of these transformations in terms of performance and coherence of the obtained
data partition. Experimental results, on synthetic and real benchmark datasets,
show that extracting the relevant features through dimensionality reduction yields
more consistent results than applying the clustering algorithms directly to the co-
association matrix.

Keywords: clustering ensembles, co-association matrix, evidence accumulation
clustering, embedding methods.

1 Introduction

Clustering is one of the central problems in Pattern Recognition and Machine Learn-
ing. Given a set of unlabeled data, its typical goal is to group objects into clusters, such
that objects within a cluster are similar, and objects in distinct clusters are dissimilar.
Assuming that clusters are disjoint, the clustering process leads to a data partition. Hun-
dreds of clustering algorithms exist, handling differently issues such as cluster shape,
density, noise.k-means is one of the most studied and used algorithms [9, 18].

Recently, taking advantage of the diversity of clustering solutions produced by clus-
tering algorithms over the same dataset, an approach known as Clustering Ensemble
methods, has been proposed and gained an increasing interest [4, 16,10, 1]. Given a set
of data partitions - a clustering ensemble (CE) - these methods propose a consensus
partition based on a combination strategy, having in general a leveraging effect over the
single data partitions in the CE.

We can generate clustering ensembles following two approaches: choice of data
representation or choice of clustering algorithms or algorithmic parameters. In the first



case, we can get different representations of objects by applying different preprocessing
mechanisms or feature extraction techniques, or just by sampling the data a number of
times. We can also have clustering ensembles if we use several clustering algorithms or
just the same algorithm with different parameter values.

Fred and Jain [5] proposed a clustering ensemble approach based on the combina-
tion of information provided by a set of different partitions of a given dataset, through
the Evidence Accumulation method. To combine all the different partitions, Fred and
Jain [5] proposed a voting scheme, which leads to a pairwise relationships matrix, called
“co-association matrix”. The final data partition is obtained by applying a clustering al-
gorithm over the co-association matrix. One main advantageof this voting scheme is
that it can deal with partitions having different number of clusters and different data
representations.

The application of different clustering techniques to thismatrix may yield different
solutions. We propose to use embedding methods (also calleddimensionality reduction
(DR) methods) over this matrix, in an attempt to reduce the sensitivity of the combined
data partition to the clustering method, and obtain better and more consensual results.
We present a study of the performance and coherence of the solutions when different
clustering techniques are applied to the resulting data representations. To obtain those
representations we will follow two approaches: interpret the co-association matrix as a
feature space, and as a similarity space.

The first approach is similar to the one proposed by Kunchevaet al. [11]: we will
view the co-association matrix as a feature space, but instead of using the full feature
space, we will reduce its dimension using several dimensionality reduction (DR) meth-
ods. These DR techniques aim to take a set of data points in a high-dimensional space
and output a new set of data points in a lower-dimensional space, in a way that preserves
the topology of the high-dimensional data. This new data representation is commonly
called anembedding of the original dataset. We will empirically show that the use of
DR methods to remove redundant features improves the quality and consistency of the
final partition for different clustering techniques.

In the other approach we view the co-association matrix as a similarity space, as
in [5]. However, instead of applying directly the clustering techniques to this matrix,
we will first apply DR methods to it. Many DR methods take as input some distance
measure between points (usually in a distance matrix whose(i, j) entry contains the
distance between data pointsi andj). Therefore, if one converts the similarity measures
in the co-association matrix into distance (or dissimilarity) measures, one can input this
dissimilarity matrix into the DR methods directly. The resulting low-dimensional data
points are then clustered with several clustering techniques. Again, we intend to study
if there exists consistency and an improvement in the quality of the solutions.

The dimensionality reduction methods used have different characteristics such as:
linear vs. nonlinear; preserving local structure vs. preserving global structure; preserve
spatial distances vs. preserving graph distances. This means that different embedding
strategies may influence differently the solutions; we intend to study if there exists a
class of embedding methods suitable for certain types of datasets (well separate clusters,
touching clusters).



This paper is organized as follows: Section 2 gives a brief explanation of the em-
bedding algorithms used in the study. Section 3 explains theevidence accumulation
approach, including the construction of the co-association matrix. Section 4 explains
the new methodology proposed in this paper and the two interpretations we give to this
matrix. Section 5 describes the datasets used in this study and the experimental results
for the two interpretations of the co-association matrix: feature space (section 5.2) and
similarity space (section 5.3). We summarize and discuss the main findings in Section 6.
Conclusions are drawn in Section 7.

2 Embedding Methods

To perform embeddings we will use several unsupervised DR methods: Locality Pre-
serving Projections (LPP) [7]. Neighborhood Preserving Projections (NPE) [6], Sam-
mon’s mapping [15], Curvilinear Component Analysis (CCA) [3], Isomap [17], Curvi-
linear Distance Analysis (CDA) [13], Locally Linear Embedding (LLE) [14] and Lapla-
cian Eigenmap (LE) [2]. We now briefly introduce each of thesealgorithms.

2.1 Nonlinear Methods

The Locally Linear Embedding (LLE) [14] assumes that the data manifold is smooth
and sampled densely enough such that each data point lies close to a locally linear sub-
space on the manifold. In other words, the manifold smoothness and sampling should
be enough to locally approximate the manifold by a hyperplane. LLE makes a locally
linear approximation of the whole data manifold; it first estimates a local coordinate sys-
tem for each data point from itsk-nearest neighbors. To produce the embedding, LLE
finds low-dimensional coordinates that preserve the previously estimated local coordi-
nate systems as well as possible. Technically, LLE first minimizes the reconstruction
errorE(W) =

∑

i ‖xi −
∑

j Wi,jxj‖2 with respect to the coefficientsWi,j , under the
constraints thatWi,j = 0 if i andj are not neighbors, and

∑

j Wi,j = 1. After finding
these weights, the low-dimensional configuration of pointsis next found by minimizing
E(Y) =

∑

i ‖yi −
∑

j Wi,jyj‖2 with respect to the low-dimensional representation
yi of each data point.

TheLaplacian Eigenmap (LE) [2] uses a graph embedding approach. An undirected
k-nearest neighbor graph is formed, where each data point is avertex. Pointsi andj
are connected by an edge with weightWi,j = 1 if j is among thek nearest neighbors
of i, otherwise the edge weight is set to zero; this simple weighting method has been
found to work well in practice [2]. To find a low-dimensional embedding of the graph,
the algorithm tries to put points that are connected in the graph as close to each other as
possible and does not care what happens to the other points. Technically, it minimizes
1

2

∑

i,j ‖yi − yj‖2Wi,j = yTLy with respect to the low-dimensional point locations
yi, whereL = D−W is the graph Laplacian andD is a diagonal matrix with elements
Dii =

∑

j Wi,j . This cost function has an undesirable trivial solution: having all points
in the same position would have a cost of zero, which would be aglobal minimum of
the cost function. In practice, the low-dimensional configuration is found by solving



the generalized eigenvalue problemLy = λDy [2]. The smallest eigenvalue corre-
sponds to the trivial solution, but the eigenvectors corresponding to the next smallest
eigenvalues yield the desired LE solution.

Isomap [17] is a variant of Multidimensional Scaling (MDS) [12], which finds a
configuration of output coordinates matching a given distance matrix. Isomap does not
compute pairwise input-space distances as simple Euclidean distances but asgeodesic
distances along the manifold of the data (technically, along a graph formed by connect-
ing all k-nearest neighbors). Given these geodesic distances the output coordinates are
found by standard linear MDS. When output coordinates are found for such input dis-
tances, the manifold structure in the original data becomesunfolded; it has been shown
that this algorithm is asymptotically able to recover certain types of manifolds.

Curvilinear component analysis (CCA) [3] is a variant of MDS [12] that tries to pre-
serve only distances between points that are near each otherin the embedding. This is
achieved by weighting each term in the MDS cost function by a coefficient that depends
on the corresponding pairwise distance in the embedding. Inour case, this coefficient
is simply 1 if the distance is below a predetermined threshold and 0 if it is larger. This
approach is similar to Isomap but the determination of whether two points are neighbors
is done in the output space in CCA, rather than in the input space as in Isomap.

Curvilinear distance analysis Curvilinear Distance Analysis (CDA) [13] is an ex-
tension of CCA. The idea is to replace in MDS the Euclidean distances in the original
space with geodesic distances in the same manner as in the Isomap algorithm. Other-
wise the algorithm is similar to CCA.

2.2 Linear Methods

Locality Preserving Projections (LPP) [7] is a linear dimensionality reduction method
that preserves local neighborhood information. It shares many properties of nonlinear
techniques such as Laplacian Eigenmaps or Locally Linear Embedding, since it is a
linear approximation of the nonlinear Laplacian Eigenmaps.

Neighborhood Preserving Projections (NPE) [6] is a linear dimensionality reduc-
tion method that preserves the local structure of the data. It has similar properties to
LPP, but it is a linear approximation of Locally Linear Embedding (LLE), which means
that it has properties similar to that method.

3 Evidence Accumulation: The Co-association Matrix

Let X = {x1, x2, . . . , xn} be a set ofn objects or samples represented in a feature
space or some other data representation. A clustering algorithm takesX as input and
groups then patterns intok clusters, forming a partitionP . A clustering ensemble, P,
is a set ofN different partitions of the dataX:

P = {P 1, P 2, . . . , PN} (1)



P 1 =
{

C1

1
, C1

2
, . . . , C1

k1

}

...

PN =
{

CN
1
, CN

2
, . . . , CN

kN

}

,

whereCi
j is the jth cluster in data partitionP i, which haski clusters andni

j is the

cardinality ofCi
j , with

∑ki

j=1
ni
j = n, i = 1, . . . , N .

Theevidence accumulation approach, proposed by Fred and Jain [5], is a three-step
cluster ensemble method: 1- build the clustering ensemble (CE); 2- combine evidence
in the CE, mapping it into a co-association matrix; 3- extract the consensus partition
by applying a clustering algorithm over the co-associationmatrix. The basic idea is
that patterns belonging to a “natural” cluster are very likely to be assigned to the same
cluster in different data partitions. Taking the co-occurrences of pairs of patterns in the
same cluster as votes for their association, theN data partitions ofn patterns yield a
n× n co-association matrix:

C(i, j) = nij

N
, (2)

wherenij is the number of times the pattern pair(i, j) is assigned to the same cluster
among theN partitions.

In its normalized form, as per expression (2), matrixC can be given different inter-
pretations, either probabilistic or simply as pairwise similarity. Another issue is how to
address and use this matrix for clustering purposes. In the following we propose a novel
methodology by applying DR techniques.

4 Dimensionality Reduction in Evidence Accumulation Clustering

We propose a new methodology called Dimensionality Reduction in Evidence Accumu-
lation Clustering (DR-EAC), which is based on the Evidence Accumulation Clustering
(EAC) method described above. As said before, the evidence accumulation approach is
a three-step cluster ensemble method; we now propose a four-step method. We build
the clustering ensemble (step 1) and the co-association matrix (step 2) similarly to the
evidence accumulation approach. However, instead of applying a clustering algorithm
directly to the co-association matrix, we apply a DR technique to it (which is now step
3). As detailed below, we propose two ways to do this, depending on how one interprets
the co-association matrix. This DR technique outputs a low-dimensional dataset, which
is then fed into a clustering algorithm (which is now step 4).We now discuss each of
these four steps in more detail.

1) Build the Clustering Ensemble. As referred before, there are several ways to produce
a clustering ensemble. In this study we build a clustering ensemble by running the
k-means algorithm to produce a total ofN = 200 data partitions, each one withk
clusters,k being an integer randomly drawn betweenkmin = max{√n/2, n/50} and
kmax = kmin + 20, wheren is the number of samples of the dataset.



2) Obtain the co-association matrix. We begin by computing the co-association matrix
according to equation (2). Then, we interpret this matrix inone of two possible ways:

– Co-associations viewed as Features: One way to look at matrixC is to say that its
i-th row represents a new set of features for thei-th data point, an idea originally
proposed by Kunchevaet al. [11]. Thus, each pattern is now represented by how
many times it was grouped together with all other patterns.

– Co-association viewed as Similarities: We can transform the co-association ma-
trix C, which is a similarity matrix, into a dissimilarity matrix (or distance matrix).
Since many DR methods can take as input a matrix of pairwise distances (or dissim-
ilarities), if we transform this matrix of similarities into a matrix of dissimilarities
we can exploit this property. Since the elements ofC lie between 0 and 1, we use
a very simple transformation: the new dissimilarity matrixhas the element(i, j)
given by1− C(i, j).

3) Apply Dimensionality Reduction techniques. We apply DR techniques to obtain a
new representation of the data, preserving the topology of the original data. For the
DR methods we need to choose a target dimension to reduce the data to and, in some
cases, we also have to choose a parameter of the method (usually the number of nearest
neighbors to consider). In all cases we let each algorithm choose the most suitable
parameter and dimension by an intrinsic criterion. This intrinsic criterion can be the
value of the cost function that each algorithm has to minimize, or the reconstruction
error. For example, in Isomap we chose the parameter (which is the number of nearest
neighbors used to construct a graph) which minimizes the residual variance [17]. It is
beyond the scope of this paper to detail how these parametersshould be chosen; the
relevant information can be found in the references cited inSection 2.

4) Extract the consensus partition. After we get the embedded data, we apply eight
well-known clustering algorithms:k-means, single-link, complete-link, average-link,
Ward-link, centroid-link, median-link and weighted-link[9].

4.1 Quality measures

We use two quality measures to assess the results: consistency index (CI) and normal-
ized mutual information (NMI).

The CI simply measures the fraction of patterns correctly grouped together com-
pared to the ground-truth labeling. It takes values between0 and 1, and it is a measure
of the accuracy of the clustering.

The NMI [16] is a symmetric measure of the information sharedbetween two par-
titions. Consider the partitionP a, which describes a labeling of then patterns in the
datasetX intoka clusters. If one takes frequency counts as approximations for probabil-

ities, the entropy of the data partitionP a is given byH(P a) = −
∑ka

i=1

na
i

n
log

(

na
i

n

)

,

wherena
i represents the number of patterns in clusterCa

i ∈ P a. The agreement between
two partitionsP a andP b is given by their mutual information:

I(P a, P b) =

ka
∑

i=1

kb
∑

j=1

nab
ij

n
log





nab
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whith nab
ij the number of shared patterns between clustersCa

i ∈ P a andCb
j ∈ P b.

The NMI is then defined by

NMI(P a, P b) =
I(P a, P b)

√

H(P a)H(P b)
.

It is similar to the widely used mutual information, but normalized to be in the interval
[0, 1]. For each DR method, we compute the NMI between all 28 pairs ofclustering
algorithms1. We then take the average of these 28 NMI values to obtain the average
NMI for that DR method. This average NMI will measure how consistent the partitions
are among the 8 clustering algorithms after applying that DRmethod.

5 Experimental Results

We will apply the new methodology described in section 4 to several datasets, in an
attempt to improve the quality and robustness of the solutions, compared to the evi-
dence accumulation approach. We will apply the clustering algorithms mentioned in
section 4 to the co-association matrix directly (in both interpretations), an approach
we will denote by EACF (Evidence Accumulation Clustering in the feature space) and
EAC (Evidence Accumulation Clustering in the sense presented by [5]). The idea is
to verify empirically whether the use of embedding methods and subsequent cluster-
ing algorithms is advantageous relative to the applicationof clustering algorithms on
the co-association matrix directly. Also, we will try to findsome correspondence be-
tween pairs of embedding and clustering methods suitable for some types of data. In
that sense, we will study synthetic data and real data, with the synthetic data divided in
two broad meta-sets: datasets with separate clusters and datasets with touching clusters.

5.1 Data

We used 18 datasets: 10 synthetic datasets (5 well-separated and 5 with touching clus-
ters), and 8 real datasets from the UCI Machine Learning Repository2. The synthetic
datasets were chosen to take into account a wide variety of situations: well-separated
and touching clusters; gaussian and non-gaussian clusters; arbitrary shapes; and diverse
cluster densities. These synthetic datasets are shown in figure 1. TheIris dataset con-
sists of three species of Iris plants (Setosa, Versicolor and Virginica). This dataset is
characterized by four features and 50 samples in each cluster. Std Yeast is composed of
384 samples (genes) over two cell cycles of yeast cell data. This dataset is characterized
by 17 features and consisting of five clusters correspondingto the five phases of the cell
cycle. ThePima dataset is composed of 768 samples (genes) from National Institute of
Diabetes and Digestive and Kidney Diseases, it has 8 features and two clusters.Wine
consists of the results of a chemical analysis of wines grownin the same region in Italy

1 28 is the number of off-diagonal elements in the upper triangular part ofthe matrix containing
the NMI between pairs of clustering algorithms, which is an 8-by-8 matrix.

2 http://archive.ics.uci.edu/ml



divided into three clusters with 59, 71 and 48 patterns described by 13 features.Optdig-
its is a subset of Handwritten Digits dataset containing only the first 100 patterns of each
digit, from a total of 1000 data samples characterized by 64 attributes. TheWisconsin
Breast-Cancer dataset consists of 683 patterns represented by nine features and has two
clusters. TheHouse Votes dataset consists of votes for each of the U.S. House of Repre-
sentatives Congressmen on the 16 key votes identified by the Congressional Quarterly
Almanac. It is composed by two clusters and only the patternswithout missing values
were considered, for a total of 232 samples (125 democrats and 107 republicans). The
Crabs dataset consists of 200 patterns represented by 5 features and has two classes.
Pima, House Votes, Crabs and Wine were normalized to have unit variance.
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Fig. 1. Synthetic datasets.

5.2 Experiment 1: Feature Space

In this section we interpret the co-association matrix as a new feature space, as described
in Section 4. The application of clustering algorithms directly to the co-association
matrix viewed as a feature space, is here denoted by EACF .

Analyzing the average NMI in figure 2 over all clustering algorithms used to obtain
the final partition, we notice that LE and LPP are the ones thatproduce more coherent
solutions for the synthetic datasets with separate clusters (figure 2 top), which indicates
that they are robust to the extraction algorithm. CCA and CDAare the algorithms with
the most dispersion in the solutions for all datasets. Unlike for separate clusters, the
NMI for datasets with touching clusters (figure 2 middle) shows that no DR algorithm
is robust to the choice of the clustering algorithm. In the real datasets, LE is the most
consistent DR algorithm in half of the datasets (Wine, Std Yeast, Optdigits and Iris).

Even if the NMI is high, it is not necessarily true that we havea high CI (i.e. that
the results of the clustering algorithms are good), it only means that the clustering al-
gorithms obtained similar final partitions. However, the use of that measure is a good
indicator that the embedded space yields good clustering results regardless of the clus-
tering algorithm. This is an advantage, since we do not knowa priori which is the most
suitable clustering algorithm for a certain kind of data.



Fig. 2. Mean and standard deviation of Normalized Mutual Information over the clustering algo-
rithms for each dataset and each embedding method. The co-association matrix was interpreted as
features.Top: Synthetic datasets with separate clusters.Middle: Synthetic datasets with touching
clusters.Bottom: Real datasets.



Table 1 contains the best CI values (first row of each dataset)and the corresponding
clustering algorithm used for that solution; it also presents the average CI over all the
clustering algorithms (second row of each dataset). Based on figure 2 we have claimed
that LE and LPP are the ones that produce the most coherent solutions for the synthetic
datasets with separate clusters; Table 1 corroborates these findings, since LE and LPP
usually yield maximum CI for several clustering algorithms.

In synthetic datasets with separate clusters, LE and LPP, which are local algorithms,
combine well with multiple hierarchical clustering algorithms. Isomap and Sammon,
which are global and nonlinear, combine well with single-link, which is also the best
clustering algorithm for EACF .

The analysis of the CI values for the synthetic datasets withtouching clusters, shown
in Table 1, shows that LPP, Isomap and LE are, on average values, better than EACF .
In terms of maximum values, EACF outperforms the DR-based methods only in one
dataset (R-2-new), and still by a very small margin; while itis outperformed in all
remaining datasets.

The best DR-clustering algorithm pairs, for synthetic datasets with touching clus-
ters, are LPP withk-means, Sammon with Ward-link and CDA withk-means. The
overall best DR is Isomap, which is in first place in maximum CIfor 4 out of 5 datasets.

The analysis of CI values for real datasets (see Table 1), shows that all DR meth-
ods do relatively well when compared to EACF , except for CCA and CDA. Isomap
and Sammon are the two best DR algorithms when compared to theremaining DR
techniques, especially in the Optdigits dataset. CCA and CDA are the worst overall
methods, especially in the Std Yeast and Optdigits datasets.

These results show the advantage of performing DR over usingEACF . In fact, from
Table 1, using DR gives in general the best CI in all datasets,both in terms of maximum
CI and of average CI.

Overall, for both synthetic and real datasets, there is no DRalgorithm which is
always robust in terms of NMI. However, LE and LPP (which is a linear version of LE),
seem to have this property, especially in synthetic datasets with separate clusters. For
the real datasets, LPP and LE present the best results, except in the Optdigits dataset,
which yields better results with a global DR method (like Isomap and Sammon), instead
of a local method.

5.3 Experiment 2: Similarity Space

In this section we interpret the entries of the co-association matrix as similarity values.
We transform these into dissimilarity values, as describedin Section 4. We plug-in this
dissimilarity matrix into the embedding methods and will add “EA-” (from “Evidence
Accumulation”) before the acronyms of the DR methods to emphasize the dependency
of this matrix.

The analysis of NMI values for the synthetic datasets with separate clusters, shown
in Figure 3, shows that EA-LE and EA-LLE yield the most coherent clustering results,
except for the Half-rings dataset. For the Mixed Image 2 dataset, local algorithms (EA-
LPP, EA-NPE, EA-LLE and EA-LE) and global algorithms that preserve “geodesic”
distances (EA-Isomap, EA-CDA) have very coherent results.However, the analysis of
the CI values (Table 2) immediately shows that results are not good for that dataset.



Table 1.Consistency index (%) for co-association matrix interpreted as features. (First row) Best
CI and clustering algorithm(s) which yield that CI value. Legend: (1)k-means, (2) single-link, (3)
complete-link, (4) average-link, (5) Ward-link, (6) centroid-link, (7)median-link, (8) weighted-
link. (Second row) Average CI (%) over all clustering methods. The gray cells correspond to the
best NMI presented in figure 2 and the best average CI are shown in bold.
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59.94 53.12 53.31 57.37 52.50 55.87 51.56 58.00 62.81
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House Votes 89.22 88.36 81.90 87.93 81.47 87.07 61.21 64.66 74.14
(1) (1) (5) (1) (1) (3) (5) (1) (1)

74.52 71.28 63.31 73.81 59.37 69.34 54.69 57.81 62.88



This suggest that the co-association matrix might not be thebest clustering ensemble
approach for this dataset.

Similar to the feature space, the analysis of NMI values for synthetic datasets with
touching clusters (figure 3 middle) suggests that no DR algorithm is robust to the choice
of clustering algorithm; except the EA-Sammon in the Mixed Image 3. For the real
datasets (figure 3 bottom) EA-LE is the DR algorithm with the most consistent results,
except for the Pima, Crabs and Breast cancer datasets.

The best overall DR methods, for the synthetic datasets withseparate clusters, are
EA-LE and EA-LLE. EA-Isomap, EA-CCA, EA-CDA and EA-LE yieldthe best results
with single-link. For the synthetic datasets with touchingclusters, the best DR methods
are EA-Isomap and EA-LE, when used with the appropriate clustering algorithm.

For the Std Yeast dataset the worst results correspond to nonlinear local DR methods
(EA-LLE and EA-LE). For the Optdigits dataset, the worst results correspond to local
methods (EA-LPP, EA-NPE, EA-LLE and EA-LE), while nonlinear global methods
perform very well. In the House votes dataset, the best DR algorithms in average CI are
linear methods (EA-LPP and EA-NPE) and nonlinear global methods that preserves
“geodesic” distances (EA-Isomap and EA-CDA). These last two algorithms also have
very good results for the Breast cancer dataset.

From Table 2, we notice that there exists at least one DR method that outperforms
or equals EAC for each dataset, showing that there is an advantage in performing DR.

Like in the feature space, single-link is the best extraction method, except for real
datasets. In real datasets,k-means and Ward link work better.

Overall, nonlinear methods are more suitable for this space, with local methods
working better in synthetic data with separate clusters.

6 Discussion

There are some interesting findings to draw from all the abovedata. First, there is an
advantage in using DR techniques on the co-association matrix to improve clustering re-
sults. However, care must be taken in choosing the right DR technique for each dataset.

Second, the use of DR techniques usually improves the average consistency index
(CI) values over the co-association matrix. This suggests that using DR makes the clus-
tering results less dependent on the choice of the specific clustering algorithm.

Although no DR algorithm consistently outperforms all the others, some algorithms
do well in specific circumstances. Good results are obtainedfrom datasets with sepa-
rate clusters using LPP and LE (local DR methods). For datasets with touching clusters,
Isomap and LE (nonlinear DR methods) yield the overall best results. Importantly, in
real datasets no DR algorithm stood out from the others, and considerable variability
was detected from dataset to dataset, again stressing out that the choice of the appropri-
ate DR technique is crucial.

To further investigate this aspect, we have computed the measures N13 and silhou-
ette for the real datasets studied in this paper. Those values are presented in table 3.

3 As explained in [8] “This method constructs a class-blind minimum spanningtree over the
entire dataset, and counts the number of points incident to an edge going across the two classes.
The fraction of such points over all points in the dataset is used as the N1 measure.”



Fig. 3. Mean and standard deviation of Normalized Mutual Information over the clustering algo-
rithms for each dataset and each embedding method. The co-association matrix was interpreted
as similarities.Top: Synthetic datasets with separate clusters.Middle: Synthetic datasets with
touching clusters.Bottom: Real datasets.



Table 2. Consistency index (%) for co-association matrix interpreted as similarities.(First row)
Best CI and clustering algorithm(s) which yield that CI value. Legend: (1) k-means, (2) single-
link, (3) complete-link, (4) average-link, (5) Ward-link, (6) centroid-link, (7) median-link, (8)
weighted-link.(Second row) Average CI (%) over all clustering methods. The gray cells corre-
spond to the best NMI presented in figure 3 and the best average CI areshown in bold.
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Datasets Std Yeast and Pima stand out for having high values of N1, and in those
datasets local DR methods yield the best clustering resultsin terms of average CI. On
the other hand, datasets Optdigits and Breast Cancer stand out for having low values of
N1 and the best results in those datasets come from global DR methods. Also, Crabs
and Std Yeast have low values of the silhouette index and local DR methods perform
well with these datasets. Given the relatively small numberof datasets and DR meth-
ods used in this paper, we present these associations not as proven rules, but rather as
temporary guidelines. We will actively research these types of associations using more
datasets and more DR methods in the future.

Table 3. N1 and Silhouette measures for the real datasets studied in this paper, andtype of DR
method that yields the best average CI for both types of spaces (feature and similarity spaces).
The question mark (?) indicates datasets where the best DR type is different in the two spaces.

Real Datasets N1 SilhouetteBest DR type
Wine 0.118 0.4368 local
Std Yeast 0.388 0.2274 local
Pima 0.438 0.1524 local
Optdigits 0.059 0.2892 global
Iris 0.100 0.6565 ?
Crabs 0.160 0.0442 local
Breast Cancer0.057 0.7178 global
House Votes 0.159 0.4471 ?

There are some differences between using the co-association matrix as features or
as similarities. For example, CCA and CDA perform poorly in the former case but
considerably better in the latter. On the other hand, Sammonperforms better in the
feature space relative to the similarity space.

It is interesting to note that the DR algorithms which have the highest NMI values
for each dataset are very often the ones which have also the highest average CI values. In
other words, it seems that the DR algorithms which yield the most consistent partitions
also yield the best partitions. Furthermore, for each dataset, the highest NMI between
the feature space and the similarity space very often corresponds to the highest average
CI as well. This suggests that NMI (a measure which does not need to know the true
partition) can help predict the CI (which does use the true partition).

7 Conclusions

This study shows that the use of dimensionality reduction (DR) techniques in clustering
ensembles presents interesting advantages in accuracy androbustness. Future work is
needed to study the influence of different strategies to construct the clustering ensemble,
and the influence of parameter choice for the DR and clustering algorithms.

We also reported some interesting associations between types of datasets and appro-
priate DR methods; however, further work is needed to draw conclusive information.
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Abstract. Recent work has focused the incorporation of a priori knowledge into
the data clustering process, in the form of pairwise constraints, aiming to im-
prove clustering quality and find appropriate clustering solutions to specific tasks
or interests. In this work, we integrate must-link and cannot-link constraints into
the cluster ensemble framework. Two algorithms for combining multiple data
partitions with instance level constraints are proposed. The first one consists of
a modification to Evidence Accumulation Clustering and the second one maxi-
mizes both the similarity between the cluster ensemble and the target consensus
partition, and constraint satisfaction using a genetic algorithm. Experimental re-
sults shown that the proposed constrained clustering combination methods per-
formances are superior to the unconstrained Evidence Accumulation Clustering.

1 Introduction

Data clustering is an unsupervised technique that aims to partition a given data set
into groups or clusters, based on a notion of similarity or proximity between data pat-
terns. Similar data patterns are grouped together while heterogeneous data patterns are
grouped into different clusters. Data clustering techniques can be used in several ap-
plications including exploratory pattern-analysis, decision-making, data mining, docu-
ment retrieval, image segmentation and pattern classification [1]. Despite a large num-
ber of clustering algorithms have been proposed, none can discover all sorts of cluster
shapes and structures.

In the last decade, cluster ensembles approaches have been introduced based on the
idea of combining information from multiple clusterings results to improve data clus-
tering robustness [2], reuse clustering solutions [3] and cluster data in a distributed way.
The main proposals to solve the cluster ensemble problem are based in: co-associations
between pairs of patterns [2, 4, 5], graphs [6], hyper-graphs [3], mixture models [7] and
the search for a median partition that summarizes the cluster ensemble [8].

A recent and very promising area is constrained data clustering [9], allowing the
incorporation of a priori knowledge about the data set into the clustering process. This
knowledge is mapped as constraints to express preferences, limitations and/or condi-
tions to be imposed in data clustering, making it more useful and appropriate to specific



tasks or interests. The constraints can be set on a more general level using rules that
are applied to the entire data set, such as data clustering with obstacles [10], at an inter-
mediate level, where they are applied to data features [11] or to groups’ characteristics,
such as, the minimum and maximum capacity [12], or at a more specific level, where
the constraints are applied to data patterns, using labels on some data [13] or the re-
lations between pairs of patterns [11]. Relations between pairs of patterns (must-link
and cannot-link constraints) have been the most studied due to their versatility, because
many constraints on more general levels can also be represented by relations between
pairs of patterns. Several constrained data clustering algorithms were proposed con-
cerning various perspectives: inviolable constraints [11], distance editing [14], partial
label data [13], constraints violation penalty [15] and modification of the generation
model [13].

In this paper we propose to integrate pairwise constraints into the clustering ensem-
ble framework. We build on previous work on Evidence Accumulation Clustering and
propose a new approach based on maximizing the Average Cluster Consistency and
Constraint Satisfaction measures using a genetic algorithm.

The rest of this paper is organized as follows. Section 2 presents the cluster en-
semble problem formulation and describes the Evidence Accumulation Clustering. We
propose an extension to Evidence Accumulation Clustering Approach in Section 3.
Section 4 presents a new approach to constrained clustering combination using a ge-
netic algorithm. We describe the experimental setup used to assess the performance of
the proposed approaches in Section 5 and the results are shown in Section 6. Finally,
Section 7 concludes this paper.

2 Background

2.1 Problem Formulation

Let X = {x1, · · · , xn} be a set of n data patterns and let P = {C1, · · · , CK} be a
partition of X into K clusters. A cluster ensemble P is defined as a set of N data
partitions P l of X :

P = {P 1, · · · , PN}, P l = {Cl
1, · · · , Cl

Kl}, (1)

where Cl
k is the kth cluster in data partition P l, which contains Kl clusters, with∑Kl

k=1 |Cl
k| = n, ∀l ∈ {1, · · · , N}.

There are two fundamental phases in combining multiple data partitions: the parti-
tion generation mechanism and the consensus function, that is, the method that com-
bines the N data partitions in P . There are several ways to generate a cluster en-
semble P , such as, producing partitions of X using different clustering algorithms,
changing parameters initialization for the same clustering algorithm, using different
subsets of data features or patterns, projecting X to subspaces and combinations of
these. A consensus function f maps a cluster ensemble P into a consensus partition
P ∗, f : P → P ∗, such that P ∗ should be consistent with P and robust to small varia-
tions in P .



In this work we focus on combining multiple data partitions into a more robust
consensus partition using a priori information in terms of pairwise relations. These
relations between pair of patterns are represented by two sets of constraints: must-link
(C=) and cannot-link (C6=) constraint sets. A must-link constraint between xi and xj

data patterns, i.e. (xi, xj) ∈ C=, indicates that xi and xj should belong to the same
cluster in the clustering solution and a cannot-link constraint, i.e. (xi, xj) ∈ C 6=, points
that xi should not be placed in the cluster of xj . These instance level constraints can
be seen as hard or soft constraints. When C= and C 6= are defined as hard constraint
sets, if (xi, xj) ∈ C= then both data patterns must belong to the same cluster in the
clustering solution and if (xi, xj) ∈ C6= these patterns cannot be grouped into the same
cluster. When C= and C6= are defined as soft constraint sets, must-link and cannot-link
constraints can be thought as preferences of grouping (xi, xj) into the same cluster
or into different clusters, but not an obligation. Is this work we explore both types of
constraints.

2.2 Evidence Accumulation Clustering

Evidence Accumulation Clustering (EAC) [2] considers each data partition P l ∈ P
as an independent evidence of data organization. The underlying assumption of EAC
is that two patterns belonging to the same natural cluster will be frequently grouped
together. A vote is given to a pair of patterns every time they co-occur in the same
cluster. Pairwise votes are stored in a n × n co-association matrix and are normalized
by the total number of data partitions to combine:

co associj =

∑N
l=1 vote

l
ij

N
, (2)

where votel
ij = 1 if xi and xj belong to the same cluster Cl

k in the lth data parti-
tion P l, otherwise votel

ij = 0. This voting mechanism avoids the need of making the
correspondence between clusters in different partitions because only relation between
pairs of patterns are considered. The resulting co-association matrix corresponds to a
non-linear transformation of the original feature space of X into a new representation
defined in co assoc, which can be viewed as new inter-pattern similarity measure. In
order to produce the consensus partition one can apply any clustering algorithm over
the co-association matrix co assoc.

3 Constrained Evidence Accumulation Clustering

Our first approach for combining multiple data clusterings using must-link and cannot-
link constraints consists of a simple extension of EAC, hereafter referred as Constrained
Evidence Accumulation (CEAC). As seen in subsection 2.2, the consensus partition is
obtained by applying a data clustering algorithm to co assoc. The EAC extension re-
quires that this clustering algorithm supports the incorporation of instance level con-
straints (in this paper, in the form of must-link and cannot-link constraints).

We used two (hard) constrained data clustering algorithms to extract the consensus
partition from co assoc. The first one, Constrained Complete-Link (CCL) [14], is a



constrained agglomerative clustering algorithm that modifies a (n × n) dissimilarity
matrix,D, to reflect the pairwise constraints and then applies the well-known complete-
link algorithm to the modified distance matrix to obtain the data partition. The modified
distance matrix is computed in three steps: set all must-linked data patterns distances
to 0, ∀(xi, xj) ∈ C= : Di,j = Dj,i = 0; compute shortest paths between data patterns
with D; impose cannot-link constraints, ∀(xi, xj) ∈ C6= : Di,j = Dj,i = max(D) + 1.
Cannot-link constraints are implicitly propagated by the complete-link algorithm. In
order to use the CCL in the CEAC, each entry of the input dissimilarity matrix D is
computed as Dij = 1 − co associj since the co assoc is a similarity matrix with
values in the interval [0, 1].

The second data clustering algorithm used to extract the consensus partition is a
modification of the single-link algorithm: at the beginning all must-linked patterns are
grouped into the same clusters and then, iteratively, the closest pair of clusters (Ca, Cb)
such that @(xi, xj), xi ∈ Ca, xj ∈ Cb and (xi, xj) ∈ C6= is merged. From now on this
algorithm is referred as Constrained Single-Link (CSL). Algorithm 1 summarizes the
Constrained Evidence Accumulation Clustering.

Algorithm 1 Constrained Evidence Accumulation

1: procedure CEAC(P , C=, C6=, N , n) . Where P = {P 1, · · · , P N}, N is the number of
clusterings to combine and n is the number of data patterns

2: Set co assoc as a n× n null matrix . Co-association matrix initialization
3: for l← 1, N do
4: for all Cl

k ∈ P l do . Update co-association matrix
5: for all (xi, xj) ∈ Cl

k do
6: co associj ← co associj + 1
7: end for
8: end for
9: for i = 1 : n do . Normalize co-association matrix

10: co associj ← co associj

N

11: end for
12: end for
13: P ∗ ← CONSTRAINEDCLUSTERER(co assoc, C=, C6=) . Produce consensus partition
14: return P ∗

15: end procedure

4 Average Cluster Consistency and Constraint Satisfaction
(ACCCS approach)

Our second proposal to combine multiple data clusterings consists of maximizing an
objective-function ACCCS based on Average Cluster Consistency (ACC) [16] and
Constraints Satisfaction (CS) measures using a genetic algorithm. These are described
in the next subsections.



4.1 Average Cluster Consistency

Average Cluster Consistency index measures the average similarity between each data
partition in the cluster ensemble (P l ∈ P) and a target consensus partition P ∗, assum-
ing that the number of clusters of each partition in P is equal or greater than the number
of clusters in P ∗. The notion of similarity between two partitions P ∗ and P l is based on
the following idea: P l is similar to P ∗ if each cluster Cl

k ∈ P l is contained by a cluster
C∗m ∈ P ∗. Taking this notion in mind, we define the similarity between two partitions
as:

sim(P ∗, P j) =
∑Kj

m=1 max1≤k≤K∗(|Intersk,m|)× (1− |C
∗
k |

n )
n

,Kj ≥ K∗, (3)

where |Intersk,m| is the cardinality of the set of patterns common to the kth and mth

clusters of P ∗ and P j , respectively (Intersk,m = {xa|xa ∈ C∗k ∧xa ∈ Cj
m). Note that

in Eq. 3, |Intersk,m| is weighted by (1− |C
∗
k |

n ) in order to prevent cases were P ∗ have
clusters with almost all data patterns to have a high value of similarity. The Average
Cluster Consistency between P = {P 1, · · · , PN} and P ∗ is then defined as

ACC(P ∗,P) =
∑N

i=1 sim(P i, P ∗)
N

. (4)

4.2 Algorithm Description

In addition to optimize ACC (Eq. 4) we also consider the consensus partition Con-
straints Satisfaction CS(P ∗, C=, C 6=) defined as the fraction of constrains satisfied by
the consensus partition P ∗:

CS(P ∗, C=, C 6=) =

∑
(xi,xj)∈C= I(ci = cj) +

∑
(xi,xj)∈C 6= I(ci 6= cj)

|C=|+ |C 6=|
(5)

where |C=| and |C 6=| are, respectively, the number of must-link and cannot-link con-
strains, I(·) takes value 1 if its expression is true, taking value 0 otherwise, and ci =
C∗k , xi ∈ C∗k .

We define our objective-function ACCCS as the weighted mean of ACC and CS
and it is formally defined as:

ACCCS(P ∗,P, C=, C 6=) = (1− β)ACC(P ∗,P) + βCS(P ∗, C=, C6=), (6)

where 0 ≤ β ≤ 1 is weighting coefficient that controls the importance of satisfying
must-link and cannot-link constraints. Note that in this approach constraint sets are
thought as soft constrains.

In order to produce the consensus function P ∗, we propose the maximization of Eq.
6 using a genetic algorithm (GA). GA is a search technique inspired by evolutionary
biology used to find approximate best solutions of optimization problems. Candidate
solutions are represented by a population of individuals that are recombined and pos-
sibly mutated to create new individuals (candidate solutions). The fittest individuals



(based on a fitness or objective function) are selected to belong to next generation until
a stopping criterium is reached. Our fitness function is ACCCS (Eq. 6). Our genetic
algorithm is described next. First, the initial population B0, i.e. a set of PopSize data
partitions B0 = {b01, · · · , b0PopSize}, is generated. Initial population individuals can be
randomly generated, but we used the K-means algorithm to generate it, in order to start
the solution search (probably) closer to the optimal solution. After B0 is built, the al-
gorithm iterates the following 4 steps until a specified maximal number of generations
MaxGen is reached.

Selection PopSize individuals btj are selected from Bt. Individual selection probabil-
ity is proportional to its fitness function value ACCCS and is defined as

Prsel(btj) =
ACCCS(P, btj , C=, C 6=)∑PopSize

i=1 ACCCS(P, bti, C=, C6=)
. (7)

Note that an individual btj can be selected several times.
Crossover Previously selected individuals (parents) are grouped in pairs and are ran-

domly split and merged producing new individuals (children). This process is done
by cutting the pair of data partitions that represents the individuals at a randomly
chosen vector position CrossoverPoint ∈ {1, · · · , n} and then swap the two tails
of the vectors, as shown in Fig. 1. Note that it is necessary to match the clusters of
the data partitions before this step occurs.

Fig. 1: Crossover example.

Mutation In this step, pattern labels in each clustering solution (individual) can be
changed (mutated). The mutation probability MutationProb is usually very low,
to prevent the algorithm search from being random.

Sampling Finally, PopSize individuals with best fitness (i.e. highest ACCCS value)
are selected for the next generation Bt+1.



5 Experimental Setup

We used 4 synthetic and 8 real data sets to assess the quality of the cluster ensemble
methods on a wide variety of situations, such as data sets with different cardinality
and dimensionality, arbitrary shaped clusters, well separated and touching clusters and
distinct cluster densities. A brief description for each data set is given below.

(a) Bars (b) Cigar (c) Spiral (d) Half Rings

Fig. 2: Synthetic data sets.

Synthetic Data Sets Fig. 2 presents the 2-dimensional synthetic data sets used in our
experiments. Bars data set is composed by two clusters very close together, each
with 200 patterns, with increasingly density from left to right. Cigar data set con-
sists of four clusters, two of them having 100 patterns each and the other two groups
25 patterns each. Spiral data set contains two spiral shaped clusters with 100 data
patterns each. Half Rings data set is composed by three clusters, two of them have
150 patterns and the third one 200.

Real Data Sets The 8 real data sets used in our experiments are available at UCI repos-
itory (http://mlearn.ics.uci.edu/MLRepository.html). The first one is Iris and con-
sists of 50 patterns from each of three species of Iris flowers (setosa, virginica and
versicolor) characterized by four features. One of the clusters is well separated from
the other two overlapping clusters. Breast Cancer data set is composed of 683 data
patterns characterized by nine features and divided into two clusters: benign and
malignant. Yeast Cell data set consists of 384 patterns described by 17 attributes,
split into five clusters concerning five phases of the cell cycle. There are two ver-
sions of this dataset, the first one is called Log Yeast and uses the logarithm of the
expression level and the other is called Std Yeast and is a “standardized” version of
the same data set, with mean 0 and variance 1. Optdigits is a subset of Handwrit-
ten Digits data set containing only the first 100 objects of each digit, from a total
of 3823 data patterns characterized by 64 attributes. Glass data set is composed of
214 data patterns, concerning to 6 types of glass six types of glass, characterized by
their chemical composition on 9 attributes. Wine data set consists of tree clusters
(with 59, 71 and 48 data patterns) of wines grown in the same region in Italy but de-
rived from three different cultivars. Its features are the quantities of 13 constituents
found in each type of wine. Finally, Image Segmentation data set consists of 2310
data patterns with 19 features, where each pattern is a 3× 3 pixels image segment
randomly obtained from seven outdoor images.



We artificially built several constraint sets of must-link and cannot-link constraints.
For each data set, NumConstr ∈ {10, 20, 50, 100, 200} pairs of patterns (xi, xj),
xi 6= xj were randomly chosen. If xi and xj belonged to the same cluster in the real
data partition, P 0, the pair was added to the must-link constraint set, i.e. C= = C= ∪
{(xi, xj)}. Otherwise the pair of patterns was added to the cannot-link constraint set
(C 6= = C 6= ∪ {(xi, xj)}).

For each possible combination of data set, clustering combination method and con-
straint set we built 20 cluster ensembles. Each cluster ensemble was composed by
N = 50 data partitions obtained using K-means clustering algorithm and randomly
choosing the number of clustersK to be an integer number in the setK ∈ {10, · · · , 30}
in order to create diversity.

The number of clusters K∗ of the consensus partition P ∗, for all clustering combi-
nation methods, was defined as the real number of clustersK0. In EAC, the well-known
Single-Link (SL) and Complete-Link (CL) algorithms were used to extract P ∗ from
co assoc. We used constrained versions of SL and CL to produce P ∗ in the CEAC
approach, as described in Section 3. For ACCCS maximization using the genetic al-
gorithm approach we set the stopping criterium to 100 generations, population size to
20, crossover probability to 80%, mutation probability to 1% and β = 1

2 . The initial
population was obtained using K-means algorithm.

In order to evaluate the quality of the proposed clustering combination methods we
used the Consistency index (Ci) [2]. Ci measures the fraction of shared data patterns
in matching clusters of the consensus partition (P ∗) and the real data partition (P 0)
obtained from known labeling of data. Formally, the Consistency index is defined as

Ci(P ∗, P 0) =
1
n

min{K∗,K0}∑
k=1

|C∗k ∩ C0
k | (8)

where |C∗k ∩C0
k | is the cardinality of the P ∗ and P 0 kth matching clusters data patterns

intersection.

6 Results

Table 1 shows the results of the experiments concerning the clustering combination al-
gorithms evaluation, described in Section 5. The first column indicates the data set, sec-
ond column the number of constraints used for the constrained clustering combination
algorithms and columns 3-7 the clustering combination algorithms. Rows in columns
3-7 show average and maxima (shown between parentheses) consistency index values
in percentage, Ci(P ∗, P 0)× 100.

From the analysis of Bars results we see that the constrained clustering combination
methods usually have higher average Ci than both EAC (using SL and CL algorithms
to produce consensus partition) methods. ACCCS approach achieved the highest aver-
age Ci value for each constraint set but the absolute higher Ci value was obtained by
CEAC using both CSL and CCL to extract from co assoc the consensus partition. In
Cigar data set we highlight the perfect EAC (using SL) and CEAC (using CSL with
200 constraints) average results. The ACCCS approach never achieved 100% and its



Table 1: Average and maxima consistency index values in percentage,Ci(P ∗, P 0)×100
for EAC, CEAC and ACCCS approaches.

Data set Number of EAC CEAC ACCCSconstraints SL CL CSL CCL

Bars

10

76.45
(99.50)

53.93
(60.50)

94.09 (99.50) 64.85 (85.00) 98.70 (99.25)
20 96.15 (99.50) 70.65 (94.00) 98.61 (99.25)
50 95.40 (99.50) 69.71 (99.50) 98.31 (99.25)
100 92.34 (100.0) 71.32 (99.50) 98.40 (99.50)
200 92.69 (100.0) 85.43 (100.0) 98.72 (99.25)

Cigar

10

100.0
(100.0)

43.3
(62.40)

83.50 (90.00) 50.90 (62.80) 82.94 (98.40)
20 90.50 (100.0) 52.80 (67.20) 80.06 (98.00)
50 96.00 (100.0) 66.08 (83.20) 80.80 (98.40)
100 99.00 (100.0) 85.00 (100.0) 88.06 (98.40)
200 100.0 (100.0) 96.40 (100.0) 87.98 (99.20)

Spiral

10

75.11
(100.0)

53.05
(65.50)

94.83 (100.0) 55.75 (68.50) 55.52 (64.50)
20 96.48 (100.0) 56.38 (67.00) 57.15 (68.00)
50 98.00 (100.0) 59.80 (75.50) 58.30 (69.00)
100 100.0 (100.0) 62.85 (88.50) 59.27 (65.00)
200 100.0 (100.0) 77.48 (100.0) 63.37 (73.50)

Half Rings

10

97.26
(99.80)

45.68
(53.60)

88.54 (99.80) 55.99 (71.80) 78.01 (80.00)
20 97.09 (99.80) 63.71 (83.00) 76.76 (80.40)
50 98.21 (99.80) 74.47 (100.0) 75.58 (78.00)
100 99.03 (100.0) 91.38 (100.0) 74.37 (80.80)
200 98.91 (100.0) 94.59 (100.0) 77.79 (83.40)

Iris

10

69.87
(74.67)

59.72
(84.00)

79.27 (96.00) 66.60 (84.67) 87.63 (93.33)
20 84.67 (96.00) 73.77 (94.67) 89.30 (91.33)
50 89.17 (98.00) 74.00 (97.33) 89.80 (96.67)
100 92.30 (98.67) 73.30 (98.67) 91.90 (96.67)
200 96.63 (100.0) 79.27 (99.33) 95.87 (99.33)

Breast Cancer

10

83.88
(95.17)

62.75
(71.74)

85.69 (97.36) 64.24 (92.97) 90.41 (92.24)
20 87.75 (97.07) 74.52 (97.07) 90.43 (92.24)
50 91.76 (97.51) 69.16 (97.07) 89.99 (92.09)
100 89.71 (97.36) 75.42 (96.34) 89.42 (93.70)
200 94.14 (97.95) 73.79 (97.51) 90.52 (93.56)

Log Yeast

10

40.27
(45.31)

38.54
(47.14)

38.53 (45.31) 35.98 (42.19) 30.42 (33.33)
20 42.68 (52.60) 37.97 (49.22) 29.61 (32.29)
50 43.19 (56.51) 35.69 (45.05) 29.36 (31.25)
100 44.92 (56.77) 39.13 (53.13) 29.90 (32.29)
200 43.33 (55.21) 37.97 (47.40) 30.21 (34.90)

Std Yeast

10

48.95
(60.42)

46.59
(60.16)

50.56 (60.94) 39.74 (49.22) 63.61 (73.70)
20 50.90 (61.72) 42.17 (54.95) 62.89 (73.18)
50 54.31 (63.02) 39.32 (49.48) 62.60 (71.09)
100 52.21 (64.58) 42.37 (57.55) 64.53 (69.79)
200 50.39 (70.05) 40.79 (51.04) 66.17 (71.61)

Optdigits

10

54.62
(75.20)

56.81
(71.10)

30.20 (39.10) 61.58 (73.60) 78.27 (83.80)
20 38.34 (49.20) 63.20 (73.50) 78.11 (83.20)
50 51.13 (59.10) 61.63 (70.60) 77.21 (82.70)
100 63.90 (75.40) 66.14 (77.00) 77.70 (82.20)
200 79.40 (90.30) 70.24 (78.50) 78.64 (83.90)

Glass

10

43.94
(51.40)

39.42
(47.20)

46.17 (59.81) 39.56 (42.99) 46.14 (52.80)
20 50.68 (62.15) 41.50 (53.74) 44.60 (48.60)
50 53.86 (65.89) 45.07 (55.61) 43.36 (51.40)
100 54.74 (64.02) 45.56 (55.14) 41.87 (45.79)
200 60.07 (76.17) 44.98 (56.07) 42.66 (48.13)

Wine

10

70.64
(72.47)

51.03
(53.37)

63.85 (72.47) 49.55 (61.80) 65.48 (71.35)
20 61.49 (70.79) 48.23 (62.36) 64.66 (71.91)
50 53.57 (65.73) 50.51 (59.55) 68.54 (73.03)
100 50.31 (64.04) 51.54 (65.73) 68.51 (73.03)
200 61.80 (73.60) 53.85 (69.66) 72.92 (76.97)

Image
Segmentation

10

27.68
(29.26)

42.41
(52.81)

42.21 (42.86) 50.52 (52.51) 49.55 (56.28)
20 46.36 (51.65) 38.72 (40.52) 57.45 (58.66)
50 51.95 (55.71) 45.69 (46.02) 52.58 (54.42)
100 57.62 (65.28 ) 50.76 (54.29) 51.04 (54.42)
200 66.75 (67.49) 51.97 (52.68) 52.16 (52.90)



best results was 99.2% of accuracy with 200 constraints. CEAC using CSL algorithm
also obtained 100% of average accuracy in Spiral data set while the other combination
algorithms never reached 80% and only EAC using SL and CEAC using CCL achieved
also 100% as maximum result. In Half Rings data set, CEAC using CSL obtained the
highest average Ci value (99.03%) closely followed by EAC using SL (97.26%). Only
CEAC, using both CSL and CCL to produce the consensus partition, obtained max-
ima values of 100%. CEAC using CSL achieved again the best average (96.63%) and
maximum (100%) results for Iris. In this data set, the constrained clustering combi-
nation algorithms obtained almost always better average and maxima Ci values than
EAC. In Breast Cancer data set ACCCS achieved about 90% of average accuracy for
every constraint set but the best average (94.14%) and maximum (97.95%) results were
obtained by CEAC using CSL with 200 constraints. The other methods best average
result was obtained by EAC using SL with 83.88% of average accuracy. The results
for Log Yeast data set were generally poor. The best average and maximum Ci val-
ues were achieved again by CEAC using CSL with 44.92% and 56.77% of accuracy,
respectively. In the “standardized” version of the same data, the results were a little
better. ACCCS achieved the best average results for each constraint set with accura-
cies superior to 62% and also the maximum Ci value (73.70%). In Optdigits data set,
EAC obtained 54.62% and 56.82% average results using, respectively, SL and CL al-
gorithms to produce the consensus partition. These results were outperformed by all
constrained clustering combination methods. ACCCS obtained average accuracies su-
perior to 77% with all constraint sets, and the better average and absolute results were
achieved by CEAC using CSL with 79.40% and 90.3% of accuracy. In Glass data set,
all clustering combination methods obtained average accuracy values between 39% and
47%, with the CEAC using CSL exception that achieved in average 60.07% of accuracy
and 76.17% as best result with 200 constraints. In Wine data set, EAC using SL algo-
rithm achieved 70.64% of average accuracy and had generally better performance that
the constrained methods. The exception was ACCCS with 200 constraints that obtained
72.92% in average and the highest Ci value (76.97%). Finally, in Image Segmentation
data set the constrained clustering combination methods usually outperformed EAC
(27.68% and 42.41% of average accuracy using SL and CL, respectively). We highlight
again CEAC CSL performance using 200 constraints that achieved in average 66.75%
of correctly clustered data patterns, according to P 0, and the the maximum Ci value
with 67.49%.

Despite none of the clustering combination methods produced always the best aver-
age or maximum results, the CEAC method using CSL algorithm stands out by achiev-
ing the best average Ci values in 9 out of the 12 data sets, followed by ACCCS method
with 3 best average results. EAC only equaled one best result (in Cigar data set) and the
methods that used CL or CCL to produce the consensus partitions never obtained a best
average result. It can also be seen that with the increase of the number of constraints
the quality of the consensus partitions is improved, specially in CEAC clustering com-
bination method. In ACCCS this relation is not as evident, probably due to C= and C6=
being thought as soft constraints.



7 Conclusions

We proposed an extension to Evidence Accumulation Clustering (CEAC) and a novel
algorithm (ACCCS) to solve the cluster ensemble problem using data pattern pairwise
constraints in order to improve data clustering quality. The extension to Evidence Ac-
cumulation Clustering consists of requiring the clustering algorithm that produces the
consensus partition, using pairwise pattern similarities defined in the co-association ma-
trix, to support the incorporation of must-link and cannot-link constraints. The ACCCS
approach comprises the maximization of both the similarity between cluster ensemble
data partitions and a target consensus partition, and the constraint satisfaction. Experi-
mental results using 4 synthetic and 8 real data sets shown that constrained clustering
combination methods usually improve clustering quality.

In this work, we assumed that the constraint sets are noise free. In future work,
the proposed constrained clustering combination algorithms should also be tested with
noisy constraint sets.
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Abstract. Various approaches to produce cluster ensembles and sev-
eral consensus functions to combine data partitions have been proposed
in order to obtain a more robust partition of the data. However, the
existence of many approaches leads to another problem which consists
in knowing which of these approaches to produce the cluster ensembles’
data and to combine these partitions best fits a given data set. In this
paper, we propose a new measure to select the best consensus data par-
tition, among a variety of consensus partitions, based on the concept of
average cluster consistency between each data partition that belongs to
the cluster ensemble and a given consensus partition. The experimental
results obtained by comparing this measure with other measures for clus-
ter ensemble selection in 9 data sets, showed that the partitions selected
by our measure generally were of superior quality in comparison with
the consensus partitions selected by other measures.

1 Introduction

Data clustering goal consists of partitioning a data set into clusters, based on
a concept of similarity between data so that similar data patterns are grouped
together, and unlike patterns are separated into different clusters. Several clus-
tering algorithms have been proposed in the literature but none can discover all
kinds of cluster structures and shapes.

In order to improve data clustering robustness and quality [1], reuse clustering
solutions [2] and cluster data in a distributed way, various cluster ensemble
approaches have been proposed based on the idea of combining multiple data
clustering results into a more robust and better quality consensus partition.
The principal proposals to solve the cluster ensemble problem are based on: co-
associations between pairs of patterns [3, 4], mapping the cluster ensemble into



graph [5], hyper-graph [2] or mixture model [6] formulations, and searching for
a median partition that summarizes the cluster ensemble [7].

A cluster ensemble can be built by using different clustering algorithms [4],
using distinct parameters and/or initializations to the same algorithm [3], sam-
pling the original data set [8] and using different feature sets to produce each
individual partition [9].

One can also apply different consensus functions to the same cluster ensemble.
These variations in the cluster ensemble problem leads to a question: “Which
cluster ensemble construction method and which consensus function should one
select for a given data set?”. This paper addresses the implicit problem in the
previous question by selecting the best consensus partition based on the concept
of average cluster consistency between the consensus partition and the respective
cluster ensemble.

The rest of this paper is organized as follows. In section 2, the cluster en-
semble problem formulation (subsection 2.1), background work about cluster en-
semble selection (subsection 2.2) and the clustering combination methods used
in our experiments (subsection 2.3) are presented. Section 3 presents a new ap-
proach for cluster ensemble selection, based on the notion of average cluster
consistency. The experimental setup used to assess the performance of our pro-
posal is described in section 4 and the respective results are presented in section
5. Finally, the conclusions appear in section 6.

2 Background

2.1 Cluster Ensemble Formulation

Let X = {x1, · · · , xn} be a set of n data patterns and let P = {C1, · · · , CK} be
a partition of X into K clusters. A cluster ensemble P is defined as a set of N
data partitions P l of X :

P = {P 1, · · · , PN}, P l = {Cl
1, · · · , Cl

Kl}, (1)

where Cl
k is the kth cluster in data partition P l, which contains Kl clusters, and∑Kl

k=1 |Cl
k| = n, ∀l ∈ {1, · · · , N}.

There are two fundamental phases in combining multiple data partitions: the
partition generation mechanism and the consensus function, that is, the method
that combines the N data partitions in P. As introduced before, there are several
ways to generate a cluster ensemble P, such as, producing partitions of X using
different clustering algorithms, changing parameters and/or initializations for the
same clustering algorithm, using different subsets of data features or patterns,
projecting X to subspaces and combinations of these. A consensus function f
maps a cluster ensemble P into a consensus partition P ∗, f : P → P ∗, such that
P ∗ should be robust and consistent with P, i.e., the consensus partition should
not change (significantly) when small variations are introduced in the cluster
ensemble and the consensus partition should reveal the underlying structure of
P.



2.2 Cluster Ensemble Selection

As previously referred, the combination of multiple data partitions can be carried
out in various ways, which may lead to very different consensus partitions. This
diversity causes the problem of picking the best consensus data partition from
all the produced ones.

In [10] work, a study was conducted on the diversity of the cluster ensem-
ble and its relation to the consensus partition quality. Four measures were de-
fined in order to assess the diversity of a cluster ensemble, by comparing each
data partition P l ∈ P with the final data partition P ∗. The adjusted Rand
index [11] was used to assess the agreement between pairs of data clusterings
(Rand(P l, P ∗) ∈ [0, 1]). Values close to 1 mean that the clusterings are similar.

The first measure, Div1(P ∗,P), is defined as the average diversity between
each clustering P l ∈ P and the consensus partition P ∗. The diversity between P l

and P ∗ is defined as 1−Rand(P l, P ∗). Formally, the average diversity between
P ∗ and P is defined as:

Div1(P ∗,P) =
1
N

N∑
l=1

1−Rand(P l, P ∗). (2)

Previous work [12] showed that the cluster ensembles that exhibit higher indi-
vidual variation of diversity generally obtained better consensus partitions.

The second measure, Div2(P ∗,P), is based on this idea and is defined as the
standard deviation of cluster ensemble individual diversity:

Div2(P ∗,P) =

√√√√ 1

N − 1

N∑
l=1

(1−Rand (P l, P ∗)−Div1)2, (3)

where Div1 is Div1(P ∗,P).
The third diversity measure, Div3(P ∗,P) is based on the intuition that the

consensus partition, P ∗, is similar to the real structure of the data set. So, if the
clusterings P l ∈ P are similar to P ∗, i.e., 1−Div1 is close to 1, P ∗ is expected to
be a high quality consensus partition. Nevertheless, as it is assumed that cluster
ensembles with high individual diversity variance are likely to produce good
consensus partitions, the third measure also includes a component associated to
Div2(P ∗,P). It is formally defined as:

Div3(P ∗,P) =
1
2

(1−Div1 + Div2), (4)

where Div2 corresponds to Div2(P ∗,P).
The forth measure, Div4(P ∗,P), simply consists of a ratio between the stan-

dard deviation of the cluster ensemble individual diversity and the average di-
versity between P ∗ and P, as shown in equation 5.

Div4(P ∗,P) =
Div2(P ∗,P)
Div1(P ∗,P)

(5)



The four previously referred measures were compared in [10] and the authors
concluded that only Div1(P ∗,P) and, specially, Div3(P ∗,P) measures showed
some correlation with the quality of the consensus partition. Despite that, in
some data sets the quality of the final data partitions increased as Div1(P ∗,P)
and Div3(P ∗,P) also increased, in several other data sets it did not occur.
The authors recommended that one should select the cluster ensembles with
the median values of Div1(P ∗,P) or Div3(P ∗,P) to choose a good consensus
partition.

In other work [2], the best consensus partition PB is thought as the consensus
partition P ∗ that maximizes the Normalized Mutual Information (NMI) between
each data partition P l ∈ P and P ∗, i.e., PB = arg maxP∗

∑N
l NMI(P ∗, P l).

NMI(P ∗, P l) is defined as:

NMI(P ∗, P l) =
MI(P ∗, P l)√
H(P ∗)H(P l))

, (6)

where MI(P ∗, P l) is the mutual information between P ∗ and P l (eq. 7) and
H(P ) is the entropy of P (eq. 8). The mutual information between two data
partitions, P ∗ and P l, is defined as:

MI(P ∗, P l) =
K∗∑
i

Kl∑
j

Prob(i, j)
Prob(i)Prob(j)

, (7)

with Prob(k) = nk

n , where nk is the number of patterns in the kth cluster of P ,
and Prob(i, j) = 1

n |C
∗
i ∩ Cl

j |.
The entropy of a data partition P is given by:

H(P ) = −
K∑

k=1

Prob(k) log Prob(k). (8)

Therefore, the Average Normalized Mutual Information (ANMI(P ∗,P)) be-
tween the cluster ensemble and a consensus partition, defined in eq. 9, can be
used to select the best consensus partition. Higher values of ANMI(P ∗,P) sug-
gest better quality consensus partitions.

ANMI(P ∗,P) =
1
N

N∑
l=1

NMI(P ∗, P l). (9)

2.3 WEACS

The Weighted Evidence Accumulation Clustering using Subsampling (WEACS)
[4] approach is an extension to Evidence Accumulation Clustering (EAC) [1].
EAC considers each data partition P l ∈ P as an independent evidence of data
organization. The underlying assumption of EAC is that two patterns belonging
to the same natural cluster will be frequently grouped together. A vote is given



to a pair of patterns every time they co-occur in the same cluster. Pairwise votes
are stored in a n × n co-association matrix and are normalized by the total
number of combining data partitions:

co associj =

∑N
l=1 votel

ij

N
, (10)

where votel
ij = 1 if xi and xj belong to the same cluster Cl

k in the data partition
P l, otherwise votel

ij = 0. In order to produce the consensus partition, one can
apply any clustering algorithm over the co-association matrix co assoc.

WEACS extends EAC by weighting each pattern pairwise vote based on the
quality of each data partition P l and by using subsampling in the construction of
the cluster ensemble. The idea consists of perturbing the data set and assigning
higher relevance to better data partitions in order to produce better combination
results. To weight each votel

ij in a weighted co-association matrix, w co assoc,
one or several internal clustering validity indices are used to measure the quality
of each data partition P l, and the corresponding normalized index value, IV l,
corresponds to the weight factor. Note that the internal validity indices assess
the clustering results in terms of quantities that involve only the features of the
data set, so no a priori information is provided. Formally, w co assoc is defined
as

w co associj =

∑N
l=1 IV l × votel

ij

Sij
, (11)

where S is a n × n matrix with Sij equal to the number of data partitions
where both xi and xj are simultaneously selected to belong to the same data
subsample.

There are two versions of WEACS that correspond to two different ways for
computing the weight factor IV l. The first one, Single WEACS (SWEACS),
uses the result of only one clustering validity index to assess the quality of
P l, i.e., IV l = norm validity(P l), where norm validity(·) corresponds to a
normalized validity index function that returns a value in the interval [0, 1].
Higher values correspond to better data partitions. In the second version, Joint
WEACS (JWEACS), IV l is defined as the average of the output values of
NumInd normalized validity index functions, norm validitym(·), applied to P l,
i.e., IV l =

∑NumInd
m=1 norm validitym(P l)/NumInd.

In the WEACS approach, one can use different cluster ensemble construction
methods, different clustering algorithms to obtain the consensus partition, and,
particularly in the SWEACS version, one can even use different cluster validity
indices to weight pattern pairwise votes. These constitute variations of the ap-
proach, taking each of the possible modifications as a configuration parameter
of the method. As shown in section 4, although the WEACS leads in general
to good results, no individual tested configuration led consistently to the best
result in all data sets. We used a complementary step to the WEACS approach
which consists of combining all the final data partitions obtained in the WEACS
approach within a cluster ensemble construction method using EAC. The inter-
ested reader is encouraged to read [4] for a detailed description of WEACS.



3 Average Cluster Consistency (ACC)

The idea behind Average Cluster Consistency (ACC) measure [13] is that if
the similarity between the multiple data partitions in the cluster ensemble and
the consensus partition is high, the quality of the consensus partition will also
be high. Some clustering combination methods, such as the EAC and WEACS
methods presented in subsection 2.3, usually produce better quality consensus
data partitions when combining data partitions with more clusters than the ex-
pected real number of clusters K0. This difference in the number of clusters usu-
ally leads to low similarity scores when comparing two data partitions. For this
reason, a new concept for comparing data partitions was defined. In this new sim-
ilarity measure between two data partitions, P l and P 0 with Kl >> K0, if each
of the Kl clusters Cl

k ∈ P l is a subset of a cluster C0
m ∈ P 0, i.e. Cl

k j C0
m,then the

partitions P l and P 0 have the maximum degree of similarity. If the data patterns
belonging to each cluster in P l are split into different clusters in P 0, the data
partitions P l and P 0 are dissimilar. Figure 1 shows an example of the previously
described situations. The figure includes two consensus partitions (one in figure
1 (a) and another in figure 1 (b)) each with K0 = 2 clusters (shaded areas).
Inside each consensus partition’s clusters, there are several patterns represented
by numbers, which indicate the cluster labels assigned to the data patterns in a
partition P l belonging to the cluster ensemble. Note that the number of clusters
of the partition P l is higher than the number of clusters of the consensus par-
tition P 0 (Kl >> K0). On the left figure, a perfect similarity between P 0 and
P l is presented as all data patters of each cluster Cl

k belong to the same cluster
in P 0. On the right figure, two dissimilar partitions are presented as the data
patterns belonging to clusters 1, 5 and 7 in P l are divided in the two clusters of
P 0.

(a) similar partitions (b) dissimilar partitions

Fig. 1: Example of Average Cluster Consistency motivation.



Our similarity measure between two partitions, P ∗ and P l, is then defined
as

sim(P ∗, P l) =

∑Kl

m=1 max
1≤k≤K∗

|Interskm|(1− |C
∗
k |

n )

n
, (12)

where Kl ≥ K∗, |Interskm| is the cardinality of the set of patterns common to
the kth and mth clusters of P ∗ and P l, respectively (Interskm = {xa|xa ∈ C∗k∧
xa ∈ Cl

m). Note that in Eq. 12, |Interskm| is weighted by (1 − |C
∗
k |

n ) in order
to prevent cases where P ∗ has clusters with almost all data patterns and would
obtain a high value of similarity.

The Average Cluster Consistency measures the average similarity between
each data partition in the cluster ensemble (P l ∈ P) and a target consensus
partition P ∗, using the previously explained notion of similarity. It is formally
defined by

ACC(P ∗,P) =
∑N

i=1 sim(P i, P ∗)
N

. (13)

From a set of possible choices, the best consensus partition is the one that
achieves the highest ACC(P ∗,P) value. Note that by the fact of using subsam-
pling, the ACC measure only uses the data patterns of the consensus partition
P ∗ that appear in the combining data partition P l ∈ P.

(a) high quality partition (b) low quality partition

Fig. 2: Two data partitions of the Half Rings data set.

In order to justify the use of the weighting factor
(

1− |C
∗
k |

n

)
in our similarity

measure between two data partitions (equation 12) used in the ACC measure
(equation 13), we present the example shown in figure 2. This figure shows two
consensus partitions of a synthetic data set used in our experiments, the Half
Rings data set (presented in section 4). Both consensus partitions have 3 clusters
and were obtained using two different clustering algorithms (Single-Link and K-
means) to extract the consensus partition in the WEACS approach.

The first consensus partition is perfect since it correctly identifies the three
existing groups in the data set, while the second consensus partition is of poor



quality because it contains a large cluster (represented in blue) that almost
encompasses two real clusters of the data set.

Table 1: ACC values obtained for the data partitions shown in figure 2 with and
without the use of the weighting factor.

Data set partitions Partition a Partition b

ACC not using the weighting factor 1.0000 1.0000
ACC using the weighting factor 0.6595 0.4374

Table 1 shows the values obtained by ACC measure without (second line)
and with (third line) the use of the weighting factor for both data partitions.
The ACC measure without the use of the weighting factor obtained the value
1 for both data partitions, while the ACC measure using the weighting factor
obtained the value 0.6595 for the “optimal” partition (figure 2 a) and 0.4374 for
the other partition (figure 2 b). As can be seen by this example, the use of the
weighting factor in our similarity measure between two data partition (equation
12) prevents cases where the consensus partitions have clusters with almost all
data patterns and would obtain a high value of similarity.

At the first glance, this measure may seem to contradict the observations by
[10] and [12] which point out that the clustering quality is improved with the
increase of diversity in the cluster ensemble. However, imagine that each data
partition belonging to a cluster ensemble is obtained by random guess. The re-
sulting cluster ensemble is very diverse but does not provide useful information
about the structure of the data set, so, it is expected to produce a low quality
consensus partition. For this reason, one should distinguish the “good” diversity
from the “bad” diversity. Our definition of similarity between data partitions
(Eq. 12) considers that two apparently different data partitions (for instance,
partitions with different number of clusters) may be similar if they have a com-
mon structure, as shown in the figure 1 (a) example, and the outcome is the
selection of cluster ensembles with “good” diversity rather than the ones with
“bad” diversity.

4 Experimental Setup

We used 4 synthetic and 5 real data sets to assess the quality of the cluster
ensemble methods on a wide variety of situations, such as data sets with different
cardinality and dimensionality, arbitrary shaped clusters, well separated and
touching clusters and distinct cluster densities. A brief description for each data
set is given below.

Synthetic Data Sets. Fig. 3 presents the 2-dimensional synthetic data sets
used in our experiments. Bars data set is composed by two clusters very close
together, each with 200 patterns, with increasingly density from left to right.
Cigar data set consists of four clusters, two of them having 100 patterns each



(a) Bars (b) Cigar (c) Spiral (d) Half Rings

Fig. 3: Synthetic data sets.

and the other two groups 25 patterns each. Spiral data set contains two spiral
shaped clusters with 100 data patterns each. Half Rings data set is composed
by three clusters, two of them have 150 patterns and the third one 200.

Real Data Sets. The 5 real data sets used in our experiments are available at
UCI repository (http://mlearn.ics.uci.edu/MLRepository.html). The first one is
Iris and consists of 50 patterns from each of three species of Iris flowers (setosa,
virginica and versicolor) characterized by four features. One of the clusters is
well separated from the other two overlapping clusters. Breast Cancer data set
is composed of 683 data patterns characterized by nine features and divided into
two clusters: benign and malignant. Yeast Cell data set consists of 384 patterns
described by 17 attributes, split into five clusters concerning five phases of the
cell cycle. There are two versions of this dataset, the first one is called Log Yeast
and uses the logarithm of the expression level and the other is called Std Yeast
and is a “standardized” version of the same data set, with mean 0 and variance 1.
Finally, Optdigits is a subset of Handwritten Digits data set containing only the
first 100 objects of each digit, from a total of 3823 data patterns characterized
by 64 attributes.

In order to produce the cluster ensembles, we applied the Single-Link (SL)
[14], Average-Link (AL) [14], Complete-Link (CL) [15], K-means (KM) [16],
CLARANS (CLR) [17], Chameleon (CHM) [18], CLIQUE [19], CURE [20], DB-
SCAN [21] and STING [22] clustering algorithms to each data set to generate
50 cluster ensembles for each clustering algorithm. Each cluster ensemble has
100 data partitions with the number of clusters, K, randomly chosen in the set
K ∈ {10, · · · , 30}.

After all cluster ensembles have been produced, we applied the EAC, SWEACS
and JWEACS approaches using the KM, SL, AL and Ward-Link (WR) [23] clus-
tering algorithms to produce the consensus partitions. The number of clusters
of the combined data partitions were set to be the real number of clusters of
each data set. We also defined other two cluster ensembles: ALL5 and ALL10.
The cluster ensemble referred as ALL5 is composed by the data partitions of SL,
AL, CL, KM and CLR algorithms (N = 500) and the cluster ensemble ALL10
is composed by the data partitions produced by all data clustering algorithms
(N = 1000).



To evaluate the quality of the consensus partitions we used the Consistency
index (Ci) [1]. Ci measures the fraction of shared data patterns in matching
clusters of the consensus partition (P ∗) and of the real data partition (P 0).
Formally, the Consistency index is defined as

Ci(P ∗, P 0) =
1
n

min{K∗,K0}∑
k=1

|C∗k ∩ C0
k | (14)

where |C∗k ∩ C0
k | is the cardinality of the P ∗ and P 0 kth matching clusters data

patterns intersection.
As an example, table 2 shows the results of the cluster combination ap-

proaches for the Optdigits data set, averaged over the 50 runs. In this table,
rows are grouped by cluster ensemble construction method. Inside each clus-
ter ensemble construction method appears the 4 clustering algorithms used to
extract the final data partition (KM, SL, CL and WR). The last column (C.
Step) shows the results of the complementary step of WEACS. As it can be
seen, the results vary from a very poor result obtained by SWEACS, combining
data partitions produced by SL algorithm and using the K-means algorithm to
extract the consensus partitions (10% of accuracy), to good results obtained by
all clustering combination approaches, when combining data partitions produced
by CHM and using the WR algorithm to extract the consensus partition. For
this configuration, EAC achieved 87.54% of accuracy, JWEAC 87.74%, SWEAC
87.91% using PS validity index to weight each vote in w co assoc, and 88.03%
using the complementary step. Due to space restrictions and to the fact that this
is not the main topic of this paper, we do not present the results for the other
data sets used in our experiments.

Table 3 shows the average and best Ci(P ∗, P 0) percentage values obtained
by each clustering combination method for each data set. We present this table
to remark that the average quality of the consensus partitions produced by each
clustering combination method is substantially different from the best ones. As
an example, SWEACS approach achieved 90.89% as the best result for Std Yeast
data set while the average accuracy was only of 54.00%.

The results presented in tables 2 and 3 show that different cluster ensemble
construction methods and consensus functions can produce consensus partitions
with very different quality. This reason emphasizes the importance of selecting
the best consensus partition from a variety of possible consensus data partitions.

5 Results

In order to assess the quality of Average Cluster Consistency (ACC) measure
(Eq. 13), we compared its performance against three other measures: the Aver-
age Normalized Mutual Information (ANMI) measure (Eq. 9), the Div1 measure
(Eq. 2) and the Div3 measure (Eq. 4). For each data set, the four measures were
calculated for each consensus clustering produced by the clustering combination



Table 2: Average Ci(P ∗, P 0) percentage values obtained by EAC, JWEACS and
SWEACS for Optdigits data set.

CE Ext.Alg. EAC JWEAC HubN Dunn S Dbw CH S I XB DB SD PS C.Step

SL

KM 39.75 34.47 36.89 36.66 38.14 35.29 10.00 39.16 38.03 33.84 42.09 33.55 34.19
SL 10.60 10.60 10.60 10.60 10.60 10.60 10.10 10.60 10.60 10.60 10.60 10.60 11.19
AL 10.60 10.60 10.60 10.60 10.60 10.60 10.10 10.60 10.60 10.60 10.60 10.60 20.21
WR 40.31 40.31 40.53 40.30 40.40 40.31 10.10 40.30 40.31 40.40 40.49 40.31 44.28

AL

KM 70.33 69.84 71.09 68.83 70.40 71.47 70.42 72.19 69.59 67.68 69.49 68.83 73.93
SL 60.14 60.21 60.14 60.14 51.48 60.37 60.14 60.37 60.14 60.14 60.14 60.14 67.65
AL 67.29 67.28 67.29 67.29 67.29 67.30 67.29 69.42 67.28 67.29 67.29 67.29 67.28
WR 82.10 82.06 82.10 82.10 83.57 84.31 82.10 84.31 82.10 82.10 82.10 82.09 84.32

CL

KM 62.77 62.39 64.20 63.05 62.28 64.97 64.82 66.30 62.97 63.78 68.95 62.92 64.25
SL 53.76 52.54 53.80 53.80 53.80 58.45 58.57 58.25 52.72 53.80 52.47 52.52 58.15
AL 69.28 70.97 70.94 70.94 69.28 70.89 71.21 63.50 69.28 70.94 70.94 70.94 70.53
WR 76.27 76.34 76.35 76.27 76.27 71.16 76.35 71.14 76.34 76.26 76.35 76.35 71.25

KM

KM 68.77 69.43 72.56 69.97 73.75 73.43 69.52 70.94 69.57 69.29 71.81 74.39 67.86
SL 30.59 30.60 30.21 30.60 30.78 30.21 30.78 30.69 30.78 30.60 30.60 30.60 59.50
AL 79.78 79.43 79.42 79.51 79.32 77.49 79.41 77.54 79.41 79.78 79.41 79.60 79.35
WR 79.51 79.67 79.49 79.85 79.71 77.11 78.85 77.00 78.74 78.97 78.87 79.75 78.05

CLR

KM 63.96 63.61 65.60 65.24 65.39 67.14 64.58 65.13 62.32 65.69 62.28 65.38 62.81
SL 20.31 20.11 20.31 20.51 20.51 19.81 20.31 19.81 20.40 20.31 20.31 20.31 42.67
AL 82.73 82.37 82.24 82.78 82.48 75.53 81.11 75.32 82.60 82.21 82.85 79.34 76.15
WR 78.85 78.66 79.27 79.25 77.54 78.58 79.37 78.81 79.06 78.86 77.12 79.27 77.37

ALL5

KM 71.49 69.85 69.52 69.93 69.43 71.31 69.67 70.70 75.98 70.57 69.11 67.77 64.77
SL 39.50 30.30 49.24 30.30 20.81 40.40 49.83 40.39 30.39 20.60 30.30 30.30 51.23
AL 65.57 65.22 73.21 51.24 30.50 71.14 80.44 65.62 60.11 30.41 30.60 30.79 65.32
WR 80.86 80.88 80.51 80.89 80.76 80.95 80.54 80.98 80.53 80.31 80.69 80.51 80.85

CHM

KM 71.97 72.12 73.11 71.40 73.74 72.17 72.69 72.77 73.20 70.48 72.26 73.10 68.74
SL 62.44 62.24 62.06 62.43 62.62 62.63 62.63 61.66 62.61 62.44 62.24 62.24 78.34
AL 87.14 86.88 86.53 87.28 86.46 87.28 87.31 86.76 86.26 86.75 86.82 86.50 84.78
WR 87.54 87.74 87.61 87.51 87.53 87.78 87.52 87.72 87.56 87.68 87.76 87.91 88.03

CLIQUE

KM 59.41 60.29 61.33 59.84 59.95 60.69 63.27 61.28 61.90 60.50 60.41 60.30 64.19
SL 10.50 10.47 10.50 10.48 10.48 10.50 10.47 10.49 10.50 10.48 10.48 10.50 18.76
AL 61.03 63.30 64.89 62.20 62.13 63.67 65.71 64.12 66.02 63.65 63.29 64.54 62.85
WR 67.00 68.23 69.11 67.65 67.68 68.77 73.19 71.02 71.36 69.30 68.67 69.03 70.69

CURE

KM 58.84 57.03 62.75 58.15 45.17 66.12 23.81 51.28 50.60 55.22 52.17 46.88 63.06
SL 10.63 10.63 10.63 10.63 10.62 10.62 16.61 10.64 10.63 10.63 10.63 10.63 11.00
AL 10.60 10.60 10.58 10.60 10.61 10.63 18.39 10.61 10.60 10.61 10.61 10.60 26.81
WR 67.09 67.04 75.55 68.00 62.29 77.48 26.16 71.46 63.41 65.81 63.82 63.56 71.25

DBSCAN

KM 68.81 69.61 70.18 67.85 66.97 69.71 68.68 68.51 69.42 69.04 69.51 70.00 71.10
SL 62.87 62.56 63.01 63.15 62.72 64.40 62.52 65.09 63.88 63.16 62.86 63.20 75.86
AL 77.21 77.16 77.07 77.11 76.76 76.90 77.16 77.25 76.69 77.20 76.85 76.88 77.32
WR 80.98 79.84 80.02 80.36 81.06 79.13 80.78 78.82 78.83 80.61 79.96 79.36 81.19

STING

KM 60.60 59.77 59.00 59.49 60.27 60.09 58.60 59.01 58.70 59.17 59.47 58.55 62.07
SL 22.03 22.03 22.17 22.05 21.99 22.59 19.59 23.71 22.50 22.01 22.01 22.02 34.97
AL 37.89 38.01 37.86 38.07 36.32 39.97 46.09 42.06 37.97 36.72 37.60 37.60 48.40
WR 57.65 57.74 57.90 57.60 57.66 57.69 66.12 57.77 57.72 57.64 57.70 57.63 58.35

ALL10

KM 72.36 72.05 72.50 72.64 72.04 71.40 72.33 72.36 72.62 73.39 72.96 73.67 66.39
SL 42.66 38.14 53.57 32.91 20.63 55.39 55.24 49.65 30.82 20.47 30.20 30.21 59.59
AL 74.22 70.63 74.95 61.66 22.04 76.03 83.09 75.23 62.20 30.59 30.23 31.40 73.58
WR 83.24 83.87 83.65 83.80 83.83 83.14 83.78 82.89 84.14 83.54 84.19 83.69 83.10

Table 3: Average and best Ci(P ∗, P 0) percentage values obtained by EAC,
JWEACS and SWEACS for all data sets.

Approach Bars Breast Cigar Half Rings Iris Log Yeast Optical Std Yeast Spiral

EAC
Average 86.80 80.96 85.57 84.13 73.88 34.14 58.33 53.23 67.22

Best 99.50 97.07 100.00 100.00 97.37 40.93 87.54 88.50 100.00

SWEACS
Average 84.65 80.58 84.23 83.10 74.30 33.97 57.25 54.00 65.83

Best 99.50 97.08 100.00 100.00 97.19 41.57 87.74 90.89 100.00

JWEACS
Average 86.98 80.38 84.66 83.96 74.59 34.16 57.83 53.80 66.57

Best 99.50 97.20 100.00 100.00 97.29 41.58 87.91 92.64 100.00



methods. These values were ploted (figures 4-12) against the respective cluster-
ing quality values of each consensus partition (Ci(P ∗, P 0)). Dots represent the
consensus partitions, their positions in the horizontal axis represent the obtained
values for the cluster ensemble selection measures and the corresponding posi-
tions in the vertical axis indicate the Ci values. The lines shown in the plots
were obtained by polynomial interpolation of degree 2.

Fig. 4: Ci vs each cluster ensemble selection measures for Bars data set.

Figure 4 presents the results obtained by the cluster ensemble selection mea-
sures for Bars data set. Div1 values decrease with the increment of the quality
of the consensus partitions, while the values of Div3 increase as the quality of
the consensus partitions is improved. However, the correlations between Div1

with Ci and Div3 with Ci are not clearly evident. In the ANMI and ACC plots,
one can easily see that as the values of these measures increase, the quality of
the consensus partitions are improved.

Fig. 5: Ci vs each cluster ensemble selection measures for Breast Cancer data
set.

The results achieved for Breast Cancer data set are shown in figure 5. It
can be seen that Div1 and Div3 measures are not correlated with the quality
(Ci values) of the consensus partitions. However, in ANMI and ACC cluster
ensemble selection measures there is a tendency of quality improvement as the
values of these measures augment.

In the results obtained for Cigar data set, all the four measures showed
some correlation with the Consistency index values (figure 6). For Div1 measure,
the quality of the consensus partitions are improved as Div1 values decrease.



Fig. 6: Ci vs each cluster ensemble selection measures for Cigar data set.

For the remaining measures, the increasing of their values are followed by the
improvement of the consensus partitions. Note that the dispersion of the dots in
Div1 and Div3 plots are clearly higher than the dispersion presented in ANMI
and ACC plots, showing that the correlations with Ci of the latter two measures
are much stronger.

Fig. 7: Ci vs each cluster ensemble selection measures for Half Rings data set.

Fig. 8: Ci vs each cluster ensemble selection measures for Iris data set.

Figures 7 and 8 present the plots obtained for the selection of the best con-
sensus partition for Half Rings and Iris data sets. The behavior of the measures
are similar in both data sets and they are all correlated with the quality of the
consensus partition. Again, one can see that as the values of Div3, ANMI and
ACC measures increase, the quality of the consensus partition is improved, while
there is an inverse tendency for Div1 measure. In both data sets, the ACC mea-
sure is the one that better correlates its values with Ci as it is the one with the
lowest dispersion of the dots in the plot.



Fig. 9: Ci vs each cluster ensemble selection measures for Log Yeast data set.

The results for the Log Yeast data set are presented in figure 9. The Div1 and
Div3 measures show no correlations with the quality of the consensus partitions.
The ANMI and ACC measures also do not show a clear correlation with Ci.
However, in both plots, one can see a cloud of dots that indicates some correlation
between the measures and the Consistency index, specially in the ACC plot.

Fig. 10: Ci vs each cluster ensemble selection measures for Std Yeast data set.

In figure 10, the results of the cluster ensemble selection methods for Std
Yeast data set are presented. Once again, there is no clear correlation between
Div1 and Div3 measures and the Ci values. The ANMI and ACC measures also
do not present such correlation. However, there is a weak tendency of clustering
quality improvement as these measures values increase.

Fig. 11: Ci vs each cluster ensemble selection measures for Optdigits data set.

In the Optdigits data set, all measures are correlated with the quality of
the consensus partitions. This correlation is stronger in ACC measure, as it can



be seen in figure 11. The values of Div1 decrease as the clustering quality is
improved while the quality of the consensus partitions is improved as the values
of Div3, ANMI and ACC measures increase.

Fig. 12: Ci vs each cluster ensemble selection measure for Spiral data set.

The plots for the last data set, Spiral, are presented in figure 12. The Div1

and Div3 measures do not present correlation with Ci values, while the ANMI
and ACC measures show weak tendencies of clustering improvement with the
increasing of their values, specially in ACC cluster ensemble selection measure.

Table 4 shows the correlation coefficients between the Consistency index and
the consensus partition selection measures. Values close to 1 (-1) suggest that
there is a positive (negative) linear relationship between Ci and the selection
measure, while values close to 0 indicate that there is no such linear relation-
ship. In 6 out of the 9 data sets used in the experiments, the ACC measure
obtained the highest linear relationship with the clustering quality (measured
using the Consistency index). In the other 3 data sets, the highest linear re-
lationships were obtained by the ANMI measure in the Bars (0.8635 against
0.8480 achieved by ACC) and Cigar (0.6293 against 0.6154 achieved by ACC)
data sets, and by the Div3 measure in the Log Yeast data set which achieved
−0.2820, a counterintuitive correlation coefficient when observing the positive
coefficients obtained by Div3 for all the other data sets. In average, the ACC
measure presents the highest linear relationship with Ci (0.6928), followed by
the ANMI (0.5980), Div3 (0.4082) and Div1 (-0.3979) measures.

Table 4: Correlation coefficients between the Consistency index (Ci) and the
consensus partition selection measures (Div1, Div3, ANMI and ACC measures)
for each data set.

Measure Bars Breast C. Cigar Half Rings Iris Log Yeast Std Yeast Optdigits Spiral Average

Div1 -0.5712 -0.6006 -0.3855 -0.6444 -0.3010 0.2448 -0.5356 -0.7922 0.0044 -0.3979
Div3 0.6266 0.6487 0.4367 0.6838 0.2578 -0.2820 0.5450 0.7123 0.0450 0.4082

ANMI 0.8635 0.7979 0.6293 0.8480 0.6856 -0.0444 0.7141 0.7785 0.1095 0.5980
ACC 0.8480 0.8684 0.6154 0.9308 0.8785 -0.0897 0.8505 0.9149 0.4187 0.6928

Table 5 presents the Consistency index values achieved by the consensus par-
titions selected by the cluster ensemble selection measures (Div1, Div3, ANMI
and ACC) for each data set, the maximum Ci value of all the produced consensus



partitions and the average Ci values for each best consensus partition selection
measure. The consensus partitions for Div1 and Div3 measures were selected
choosing the consensus partition corresponding to the median of their values,
as mentioned in [10]. For the ANMI and ACC measures, the best consensus
partition was selected to be the one that maximizes the respective measures.

The quality of the consensus partitions selected by ACC measure was in 6 out
of 9 data sets superior or equal to the quality of the consensus partitions selected
by the other measures, specifically, in Bars (99.50%), Breast Cancer (97.07%),
Iris (90.67%), Log Yeast (35.61%), Optdigits (84.31%) and Spiral (100%) data
sets. In Cigar data set, the best consensus partition was selected using Div3

measure (100%), and the same happened in Half Rings data set together with
ANMI. In Std Yeast data set, none of the four measures selected a consensus
partition with similar quality to the best produced consensus partition (92.64%).
The closed selected consensus partition was selected using ANMI (69.09%). Con-
cerning the average quality of the partitions chosen by the four measures, the
ACC measure stands out again, achieving 80.81% of accuracy, followed by ANMI
with 77.67%. The Div3 and Div1 measures obtained the worst performance with
74.54% and 73.35%, respectively.

Table 5: Ci values for the consensus partition selected by Div1, Div3, ANMI
and ACC measures, and the maximum Ci value obtained, for each data set.

Measure Bars Breast C. Cigar Half Rings Iris Log Yeast Std Yeast Optdigits Spiral Average

Div1 95.47 95.11 97.93 99.90 87.35 26.96 57.97 58.55 51.68 74.54
Div3 99.50 95.38 100.0 100.0 85.12 29.92 67.66 30.60 51.94 73.35

ANMI 95.75 96.92 97.85 100.0 68.04 35.42 69.09 84.31 51.63 77.67
ACC 99.50 97.07 70.97 95.20 90.67 35.61 53.99 84.31 100.0 80.81

Max Ci 99.50 97.20 100.0 100.0 97.37 41.57 92.64 88.03 100.0 90.70

6 Conclusions

With the aim of combining multiple data partitions into a better consensus par-
tition, several approaches to produce the cluster ensemble and several consensus
functions have been developed. With this diversity, very different consensus par-
titions with very dissimilar qualities can be obtained. This diversity of consensus
partitions was exemplified using the Evidence Accumulation Clustering and the
Weighted Evidence Accumulation Clustering using Subsampling combination
approaches. This paper deals with the question of choose the best consensus
partition from a set of consensus partitions, that best fits a given data set. With
this purpose, we proposed the Average Cluster Consistency (ACC) measure,
based on a new similarity conception between each data partition belonging to
the cluster ensemble and a given consensus partition. We compared the perfor-
mance of the proposed measure with three other measures for cluster ensemble
selection, using 9 data sets with arbitrary shaped clusters, well separated and
touching clusters, and different cardinality, dimensionality and cluster densities.



The experimental results showed that the consensus partitions selected by ACC
measure, usually were of better quality in comparison with the consensus par-
titions selected by other measures used in our experiments. Therefore, we can
say that our approach is a good option for selecting a high quality consensus
partition from a set of consensus partitions.
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Abstract. Work on clustering combination has shown that clustering combina-
tion methods typically outperform single runs of clustering algorithms. While
there is much work reported in the literature on validating data partitions pro-
duced by the traditional clustering algorithms, little has been done in order to val-
idate data partitions produced by clustering combination methods. We propose
to assess the quality of a consensus partition using a pattern pairwise similarity
induced from the set of data partitions that constitutes the clustering ensemble.
A new validity index based on the likelihood of the data set given a data parti-
tion, and three modified versions of well-known clustering validity indices are
proposed. The validity measures on the original, clustering ensemble, and simi-
larity spaces are analysed and compared based on experimental results on several
synthetic and real data sets.

1 Introduction

Clustering ensemble approaches have been proposed aiming to improve data clustering
robustness and quality [1], reuse clustering solutions [2], and cluster data in a distributed
way. Schematically, these methods can be split into two main phases: the construction
of the clustering ensemble (CE); and the combination of information extracted from the
CE into a consensus partition. The Evidence Accumulation Clustering method (EAC)
[1] additionally produces, as an intermediate result, a learned pairwise similarity be-
tween patterns, summarized in a co-association matrix. In the literature on this topic,
one can find many alternative ways of building the clustering ensemble, defining the
combination strategy and extraction algorithm, and choosing the final number of clus-
ters. All these lead to a myriad of alternative clustering solutions. Hence, we are faced
with the following problem: “for a given data set, which clustering solution should be
selected?”.

While there is much work reported in the literature on validating data partitions
produced by the traditional clustering algorithms [3], little has been done in order to
validate data partitions produced by clustering combination methods. Most of the re-
ported works use measures of consistency between consensus solutions and the cluster-
ing ensemble, such as Average Normalized Mutual Information [2] and Average Cluster
Consistency [4]. The classical validity indices may also be used to assess the quality of
the consensus partition. This requires the original data representation to be available,



which may not always be possible. Also, not considering clustering ensemble infor-
mation should be a drawback, since the clustering structure, used by the clustering
combination methods to produce the consensus partitions, is not used.

In this paper we propose the validation of clustering combination results at three
levels:

– original data representation – measure the consistency of clustering solutions with
the structure of the data, perceived from the original representation (either feature-
based or similarity-based);

– clustering ensemble level – measure the consistency of consensus partitions with
the clustering ensemble;

– learned pairwise similarity – measure the coherence between clustering solutions
and the co-association matrix induced by the clustering ensemble.

Additionally to the methodology of evaluation at these distinct levels, we propose a
new criterion based on likelihood estimates, and adaptation of “classical” cluster valid-
ity measures to pairwise similarity representations.

The remaining of the paper is organized as follows. Section 2 formulates the clus-
tering ensemble problem, and describes the EAC method, that will be used in our ex-
periments. The methodology for the validation of consensus partitions is presented in
section 3. In section 4, a new validity index based on pairwise similarities is proposed.
Experiments comparing all the validation measures are presented in section 5. Finally,
the conclusions appear in section 6.

2 Clustering Combination

Let X = {x1, · · · , xn} be a data set with n data patterns. Different partitions of X can
be obtained by using different clustering algorithms, changing parameters and/or ini-
tializations for the same clustering algorithm, using different subsets of data features or
patterns, projecting X to subspaces, and combinations of these. A clustering ensemble,
P , is defined as a set of N data partitions of X :

P = {P 1, · · · , PN}, P l = {Cl
1, · · · , Cl

Kl}, (1)

where Cl
k is the kth cluster in data partition P l, which contains Kl clusters. Different

partitions capture different views of the structure of the data. Clustering ensemble meth-
ods use a consensus function f which maps a clustering ensemble P into a consensus
partition P ∗ = f(P).

The Evidence Accumulation Clustering method (EAC) [1] considers each data par-
tition P l ∈ P as an independent evidence of data organization. The underlying as-
sumption of EAC is that two patterns belonging to the same “natural” cluster will be
frequently grouped together. A vote is given to a pair of patterns every time they co-
occur in the same cluster. Pairwise votes are stored in a n × n co-association matrix,
C, normalized by the total number of combined data partitions, i.e., Cij =

∑N
l=1 votelij

N
where votelij = 1 if xi and xj co-occur in a cluster of data partition P l; otherwise
votelij = 0. The consensus partition is obtained by applying some clustering algorithm
over the co-association matrix, C.



3 Consensus Partition Validation

We herein propose the assessment of the quality of a consensus partition, P ∗, by mea-
suring its consistency at three levels: the original representation space; the clustering
ensemble; and the learned pairwise similarity.

3.1 Validity Measures on the Original Data Space

Validity measures on the original data space are the most common approaches to per-
form clustering validation. The basic idea consists of evaluating a data partition using a
utility or cost function, and comparing it with other partitions of the same data set. The
utitlity/cost function usually measures the intra-cluster compactness and inter-cluster
separation of a given data partition. Many different validity measures on the original
data representation space have been proposed in the literature [3]. In this paper we will
focus on three of them: the Silhouette, Dunn’s and Davies-Bouldin indices.

Let X = {x1, · · · , xn} be the data set, P = {C1, · · · , CK} its partition into K
clusters, and |Cl| the number of elements in the l-th cluster. Let d(xi, xj) be the dissim-
ilarity (distance) between data patterns xi and xj .

The Silhouette index [5] is formally defined as follows. Let ai denote the average
distance between xi ∈ Cl and the other patterns in the same cluster, and bi the minimum
average distance between xi and all patterns grouped in another cluster:

ai =
1

|Cl| − 1

∑
xj∈Cl

j 6=i

d(xi, xj), bi = min
k 6=l

1

|Ck|
∑

xj∈Ck

d(xi, xj). (2)

The silhouette width, si, for each xi, produces a score in the range [−1, 1] indicating
how well xi fits in its own cluster when compared to other clusters; the global Silhouette
index, S, is given by the average silhouette width computed over all samples in the data
set:

si =
bi − ai

max{ai, bi}
, S =

1

n

n∑
i=1

si (3)

Dunn’s index, quantifying how well a set of clusters represent compact and sepa-
rated clusters [6], is defined as:

D =

min
1≤q≤K

min
1≤r≤K,r 6=q

dist(Cq, Cr)

max
1≤p≤K

diam(Cp)
(4)

where dist(Cq, Cr) represents the distance between clusters Cq and Cr, and diam(Cp)
is the pth cluster diameter:

dist(Cq, Cr) = min
xi∈Cq, xj∈Cr

d(xi, xj), diam(Cp) = max
xi, xj∈Cp

d(xi, xj). (5)

The best partition is the one that maximizes the index value, D.



Davies-Bouldin index [7], is defined as the ratio of the sum of within-cluster scatter
and the value of between-cluster separation:

DB =
1

K

K∑
k=1

max
m 6=k

{
∆(Ck) +∆(Cm)

d(νk, νm)

}
, ∆(Ck) =

∑
xi∈Ck

d(xi, νk)

|Ck|
(6)

where ∆(Ck) is the average distance between all patterns in Ck and their cluster center

νk =
∑

xi∈Ck
xi

|Ck| . Small values of DB correspond to clusters that are compact, and
whose centers are far away from each other. The data partition that minimizes DB is
the optimal one.

3.2 Validity Measures on the Clustering Ensemble Space

These validity indices rely on the agreement between the consensus partition, P ∗, and
the partitions in the clustering ensemble P = {P1, · · · , PN}.

Let H(P ) = −
∑K

k=1 p(k) log p(k) be the entropy of data partition P , with p(k) =
nk

n , and nk the number of patterns in the kth cluster of P . The mutual information
between two data partitions, P ∗ and P l, is defined as:

MI(P ∗, P l) =

K∗∑
i

Kl∑
j

p(i, j)

p(i)p(j)
, (7)

with p(i, j) = 1
n |C

∗
i ∩Cl

j |, the fraction of shared samples in clusters C∗i and Cl
j . Strehl

and Ghosh [2] define the Average Normalized Mutual Information as:

ANMI(P ∗,P) = 1

N

N∑
l=1

MI(P ∗, P l)√
H(P ∗)H(P l))

. (8)

Higher values of ANMI(P ∗,P) suggest better quality consensus partitions.
The Average Cluster Consistency [4] (ACC) is another validity measure based on

the similarity between the partitions of the clustering ensemble and the consensus par-
tition. The main idea consists of measuring how well the clusters Cl

m of the clustering
ensemble fit in a cluster C∗k of the consensus partition. If all patterns xi ∈ Cl

m belong to
the same cluster C∗k , for all clusters of the clustering ensemble, then the average cluster
consistency between the consensus partition and the clustering ensemble is perfect. The
ACC measures the similarity between two partitions, P ∗ and P l, based on a weighting
of shared samples in matching clusters:

sim(P ∗, P l) =
1

n

Kl∑
m=1

max
1≤k≤K∗

|C∗k ∩ Cl
m|
(
1− |C

∗
k |
n

)
, (9)

where Kl ≥ K∗. Note that cluster intersection, |C∗k ∩ Cl
m|, is weighted by (1 − |C

∗
k |
n )

in order to prevent high similarity values in situations where P ∗ has a few clusters with
almost all the data patterns. The drawback is that consensus partitions with balanced



cluster cardinality are preferred. The ACC is defined as the average similarity between
each data partition in the clustering ensemble (P l ∈ P) and the consensus partition P ∗:

ACC(P ∗,P) = 1

N

N∑
i=1

sim(P i, P ∗). (10)

From a set of possible choices, the best consensus partition is the one that achieves the
highest ACC(P ∗,P) value.

3.3 Validity Measures on a Similarity Space

In the following, modifications of the validity indices presented in subsection 3.1 are
proposed, aiming to accommodate the same principles to a pairwise similarity repre-
sentation. Consider a pairwise similarity measure s(xi, xj) between pairs of patterns
(xi, xj). In this paper, we will define s(xi, xj) = Cij , the pairwise similarity induced
from the clustering ensemble [1], summarized in matrix C (see section 2).

In order to compute a Silhouette-like validity index in a similarity space, we propose
to measure the within-cluster compactness and the inter-cluster separability adapting
the formulas defined in equation 2 as below:

asi =
1

|Cl| − 1

∑
xj∈Cl

j 6=i

s(xi, xj), bsi = max
k 6=l

1

|Ck|
∑

xj∈Ck

s(xi, xj). (11)

While in equation 2 low values for ai and high values for bi corresponded to high cluster
compactness and separation, in equation 11 it is the opposite since we are using similar-
ities. In this case, high values for asi and low values for bsi imply good data partitions.
For this reason, the numerator of equation 3 (left) is changed for the computation of the
silhouette width, being defined as:

ssi =
asi − bsi

max{asi , bsi}
. (12)

The average silhouette width using similarities is then computed as Ss =
1
n

∑n
i=1 ssi .

For Dunn’s index, the similarity between the qth and the rth, and the diameter of
Cp were redefined:

sim(Cq, Cr) = max
xi∈Cq,xj∈Cr

s(xi, xj), diams(Cp) = min
xi,xj∈Cp

s(xi, xj). (13)

By the fact that we are using similarities instead of distances, we take the inverse of
equation 4 to define a Dunn-like validation index:

Ds =

min
1≤p≤K

diams(Cp)

max
1≤q≤K

max
1≤r≤K,r 6=q

sim(Cq, Cr) + 1
. (14)

Since the information regarding the cluster centers {ν1, · · · , νK} is not available
in a similarity-based data representation, in our adaptation of the Davies and Bouldin’s



validity index, it was necessary to introduce a new concept of center of a cluster. In order
to incorporate pairwise similarities instead of the original vectorial data representation,
we estimate the central pattern νk of cluster Ck as the element with maximum mean
similarity within each cluster (innermost pattern), as defined below.

νk = argmax
xi∈Ck

∑
xj
j 6=i

s(xi, xj), (15)

Davies and Bouldin’s validity index is redefined as

DBs =
1

K

K∑
k=1

max
m 6=k

{
s(νk, νm)

∆s(Ck) +∆s(Cm)

}
, (16)

where ∆s(Ck) is the average similarity between all patterns in Ck.

4 Statistical Validity Index based on Pairwise Similarity

We now propose a new validity index to assess the quality of P ∗ based on the like-
lihood of the data constrained to the data partition, L(X|P∗), assessed from pairwise
similarities, as per in the co-association matrix, C, defined in section 2.

Our work is inspired in the Parzen-window density estimation technique [8] with
variable size window, also known as K-nearest neighbor density estimation. This tech-
nique estimates the probability density of pattern x, p(x), within a regionRwith volume
VR. The volume R is defined as a function of the KN nearest neighbors of x, i.e., VR is
the volume enclosed by the region that contains all the KN nearest neighbors of x. The
probability density p(x) is estimated as p̂(x) = KN

nVR
.

The new validity measure based on the likelihood of the data X (assuming x ∈ X
to be independent and identically-distributed random variables) given a partition P , is
defined as:

L(X|P ) =
N∏
i=1

Pr(xi|P ), Pr(xi|P ) =
K∑

k=1

Pr(xi|Ck ∈ P ). (17)

Following the idea behind the Parzen-window density estimation method, we define the
probability density of xi given cluster Ck as:

Pr(xi|Ck) =
|Ck

⋂
KNN(xi)|

|Ck| · V (xi)
(18)

whereKNN(xi) is the set of theKN most similar data patterns to xi based on the pair-
wise similarity measure defined by the co-association matrix C, and V (xi) represents
the volume of a sufficiently small region that contains all the patterns of the neighbor-
hood KNN(xi)

⋃
{xi}. Since we rely only on pairwise similarities, as induced from

the clustering ensemble, we aproximate the intrinsic volume V (xi) by a quantity pro-
portional to it, defined by:

V (xi) , α diam(xi), diam(xi) = 2

(
1− min

xj∈KNN(xi)
Cij

)
(19)



where α > 0 is a scalar chosen such that
∑n

i=1 p(xi) = 1, and diam(xi) represents the
“diameter” of the region centered at xi that contains the neighborhood of xi. Since the
similarity matrix, C, takes values in the interval [0; 1], the above transformation 1−Cij

leads to a dissimilarity measure; the diameter thus corresponds to twice the dissimilarity
of the KN − th nearest neighbor of xi.

Using equations 17-18, the likelihood of the data set X given a data partition P is
defined as:

L(X|P ) =
N∏
i=1

K∑
k=1

|Ck

⋂
KNN(xi)|

|Ck| · V (xi)
. (20)

The underlying reasoning for using L as a validity index is the following.
Given a clustering ensemble, the co-association matrix, C, corresponds to the max-

imum likelihood estimate of the probability of pairwise co-occurrence of patterns in a
cluster. Taking this co-occurrence probability as the pattern pairwise similarity induced
by the CE, the likelihood of the data set X given a combination partition P ∗ is esti-
mated by L(X|P ∗). The statistical validity index based on the pairwise similarity, L,
thus corresponds to a goodness of fit of the combined partition, P ∗, with the clustering
ensemble and the pairwise information extracted from it. Best combination strategies
should therefore lead to highest likelihood values, L, of the data.

In a similar way, we can compute the likelihood of the data given the combina-
tion partition using the original data representation space. In this case, the likelihood
L corresponds to a goodness of fit of the combined partition, P ∗, with the statistical
properties of the data on the original representation. In the following we denote by LO

the likelihood computed from the original data representation, and by LS the likelihood
computed from the co-association matrix (induced similarity).

5 Experimental Results

Five real (available at the UCI repository http://archive.ics.uci.edu/ml) and nine syn-
thetic data sets were used to assess the performance of the validity measures on a wide
variety of situations, including data sets with arbitrary cluster shapes, different cardinal-
ity and dimensionality, well-separated and touching clusters, and distinct cluster densi-
ties. The Iris data set consists of 50 patterns from each of three species of iris flowers,
characterized by four features. The Std Yeast is composed of 384 patterns (normalized
to have 0 mean 0 and unit variance) characterized by 17 features, split into 5 clusters
concerning 5 phases of the cell cycle. The Optdigits is a subset of Handwritten Digits
data set containing only the first 100 patterns of each digit, from a total of 3823 data
samples characterized by 64 attributes. The House Votes data set is composed of two
clusters of votes for each of the U.S. House of Representatives Congressmen on the 16
key votes identified by the Congressional Quarterly Almanac. From a total of 435 (267
democrats and 168 republicans) only the patterns without missing values were consid-
ered, resulting in 232 patterns (125 democrats and 107 republicans). The Wine data set
consists of the results of a chemical analysis of wines grown in the same region in Italy
divided into three clusters with 59, 71 and 48 patterns described by 13 features. Both
House Votes and Wine data sets were normalized to have unit variance. The synthetic
data sets are shown in figure 1.
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Fig. 1: Synthetic data sets.

Table 1: NMI(P ∗, P 0) for the consensus partitions selected by each validity measure.
Clustering Ensemble Construction Method A Clustering Ensemble Construction Method B

Data Set Lo So Do DBo Ls Ss Ds DBs ANMI ACC Best Lo So Do DBo Ls Ss Ds DBs ANMI ACC Best
Iris 0.81 0.81 0.71 0.71 0.81 0.81 0.71 0.81 0.81 0.81 0.81 0.81 0.81 0.72 0.72 0.81 0.81 0.72 0.72 0.81 0.81 0.81

Std Yeast 0.49 0.49 0.08 0.53 0.49 0.53 0.24 0.08 0.49 0.49 0.53 0.48 0.48 0.37 0.32 0.48 0.53 0.23 0.48 0.48 0.48 0.53
Optdigits 0.81 0.81 0.71 0.63 0.81 0.81 0.63 0.81 0.81 0.81 0.81 0.81 0.83 0.83 0.72 0.81 0.81 0.72 0.83 0.81 0.83 0.83

House Votes 0.50 0.50 0.03 0.03 0.50 0.14 0.14 0.14 0.50 0.50 0.50 0.49 0.49 0.02 0.49 0.49 0.49 0.14 0.14 0.49 0.49 0.49
Wine 0.77 0.77 0.66 0.08 0.77 0.66 0.08 0.66 0.77 0.77 0.77 0.77 0.80 0.06 0.17 0.80 0.77 0.17 0.06 0.77 0.77 0.80
Cigar 1.00 1.00 1.00 0.23 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.84 1.00 1.00 1.00 0.84 1.00 0.38 1.00 0.84 0.84 1.00
Spiral 1.00 0.00 0.05 0.05 1.00 0.00 1.00 1.00 0.00 0.00 1.00 0.01 0.01 0.08 0.08 0.01 0.01 1.00 1.00 0.01 0.01 1.00
Bars 0.94 0.94 0.06 0.06 0.94 0.94 0.06 0.94 0.94 0.94 0.94 0.94 0.94 0.21 0.21 0.94 0.94 0.21 0.21 0.94 0.94 0.94

2 Half Rings 0.99 0.99 0.17 0.17 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.87 0.99 0.21 0.21 0.87 0.87 0.99 0.99 0.87 0.87 0.99
3 Half Rings 1.00 1.00 0.08 0.08 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Concentric 1.00 1.00 0.09 0.09 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.70 1.00 0.14 0.14 0.70 0.70 1.00 1.00 0.70 0.70 1.00

D1 1.00 1.00 1.00 0.05 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.40 1.00 1.00 1.00 0.40 1.00 1.00 1.00 1.00 1.00 1.00
D2 1.00 1.00 0.14 0.14 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.57 0.71 0.34 0.34 0.57 0.57 1.00 1.00 0.71 0.71 1.00

Complex 0.83 0.44 0.83 0.44 0.83 0.83 0.82 0.82 0.83 0.83 0.83 0.70 0.70 0.70 0.63 0.70 0.63 0.56 0.70 0.70 0.70 0.87
#Best criterion 13 11 3 1 13 11 7 10 12 12 5 11 5 4 6 7 6 9 6 7

For each data set, two different methods were used to build the clustering ensem-
bles. In the first method (A), theK-means algorithm was used to produceN = 150 data
partitions, each one with exactly K = 20 clusters for the Iris data set, K = 50 for the
Concentric data sets, K = 120 for the Complex data set, and K = 30 for all the other
data sets. In the second method (B), theK-means algorithm was also used to build clus-
tering ensembles with the same size, but the number of clusters for each data partition
was randomly chosen to be an integer in the interval [10; 30]. The clustering ensemble
construction method A (leading to PA) is expected to be a “good” clustering ensem-
ble, in the sense that its clusters have less probability of mixing patterns from different
“natural” clusters than the clustering ensemble construction method B (PB), since Kl,
∀Cl ∈ PA is always higher than minCl∈PB Kl. The consensus partitions were ob-
tained applying the EAC method using the Single-Link, Average-Link, Complete-Link,
Centroid-Link and Ward-Link hierarchical clustering algorithms at the final step.

Table 1 shows the NMI(P ∗, P 0) values between the best data partition P ∗, ac-
cording to each validity measure, and the “real” (ground-truth) data partition P 0. The
subscripts o and s point out that the validity measure was evaluated on the original



(a) (b) (c)

Fig. 2: Co-association matrices for (a) CE construction method A, (b) CE construction
method B and (c) “natural” partition of data, for Cigar data set.

space or the similarity space, respectively. The columns designated by “Best” indicate
the value of NMI for the best obtained consensus partition. In order to use the criterion
based on the likelihood estimates (L) on the original space, the diameter of a region was
computed as diam(xi) = 2maxxj∈KNN(xi) d(xi, xj), using the Euclidean distance to
measure dissimilarity, and KNN(xi) corresponds to the set of the KN closest patterns
to xi. The results for the clustering ensemble construction method A show that the L
validity measure had the best performance, both on the original and similarity spaces,
selecting the best consensus partition in 13 out of 14 data sets, followed byANMI and
ACC criteria with 12, and SO and SS with 11. While Lo and Ls selected the same par-
titions, So and Ss had different choices on several data sets. The performances ofD and
DB were better on the pairwise similarity space than on the original space, suggesting
that the first should be preferred. For the clustering ensemble construction method B,
S on the original space was the best validity measure, being the best criterion in 11
data sets. DB was the best on the similarity space by selecting in 9 data sets equal
or better partitions than the other indices. L was the best criterion only 5 times on the
original space and 6 on the similarity space. The poor performance of L is due to its
sensibility to “bad” clustering ensembles. Figure 2 shows the co-association matrices
for construction methods A and B and the “natural” partition for the Cigar data set.
While in figure 2 (a) there are no co-associations between patterns belonging to differ-
ent “natural” clusters, in figure 2 (b) it can be seen (especially on the lower right corner)
that some patterns from distinct “natural” clusters have co-association different from 0.
This explains why the Ls performed correctly on the clustering ensemble construction
method A and not on B.

From the comparison involving the criteria on the original and similarity spaces, we
conclude that L (on both spaces) is the best choice if the clustering ensemble is “good”,
S is robust on the original space, and D was the worst criterion (despite that the simi-
larity space version presents better results than the original space version). We also con-
clude that the consensus partition evaluation may also be restricted to the co-association
matrix. This has the advantages of exploring sparse similarities representations (particu-
larly when using Ls) and complying with data privacy. Evaluating consensus partitions
on the original space has also another disadvantage: how to validate a consensus parti-
tion if the partitions belonging to the clustering ensemble were produced using different
representations (e.g. distinct subset of feature, random projections, etc)?



By comparing the criteria on the similarity spaces with the criteria based on the
consistency between the clustering ensemble partitions and the consensus partition, Ls

was better than ANMI and ACC in construction method A, and DBs was better in
construction method B; so we can discard both ANMI and ACC, and rely instead on
the similarity-based criteria in order to assess the consensus partitions.

6 Conclusions

The validation of clustering solutions were proposed at three distinct levels: original
data representation, learned pairwise similarity, and consistency with the clustering en-
semble partitions. A new validity measure based on the likelihood estimation of pattern
pairwise co-occurrence probabilities was introduced. Experimental results seem to indi-
cate that: the new validity measure is a good choice for performing consensus clustering
validation when the clusters belonging to the clustering ensemble are not likely to con-
tain patterns of different “natural” clusters; the learned similarity-based criteria can be
used, instead of the traditional clustering ensemble measure; and the similarity-based
criteria are a good option when the original data representation is not available. More
extensive evaluation of the validity indices is being conducted over a larger number of
data sets and on the comparison of consensus results produced by different combination
strategies.
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Abstract—This work focuses on the scalability of the Evi-
dence Accumulation Clustering (EAC) method. We first ad-
dress the space complexity of the co-association matrix. The
sparseness of the matrix is related to the construction of the
clustering ensemble. Using a split and merge strategy combined
with a sparse matrix representation, we empirically show that a
linear space complexity is achievable in this framework, leading
to the scalability of EAC method to clustering large data-sets.

Keywords-Cluster analysis; combining clustering partitions;
cluster fusion, evidence accumulation; large data-sets.

I. INTRODUCTION

Clustering combination techniques are a recent and

promising trend in clustering [1], [2], [3], [4], [5], [6].

Combining the information provided by a set of N different

partitions (the clustering ensemble (CE) - P) of a given data

set, clustering combination results typically outperform the

result of a single clustering algorithm, achieving better and

more robust partitioning of the data.

The Evidence Accumulation Clustering (EAC) method,

proposed by Fred and Jain [1], [2], seeks to find consistent

data partitions by considering pair-wise relationships. The

method can be decomposed into three major steps: (a)

construction of the clustering ensemble, P; (b) ensemble

combination, through evidence accumulation; and (c) extrac-

tion of the final partition.

In the combination step (b), the clustering ensemble, P, is

transformed into a learned pair-wise similarity, summarized

in a ns × ns co-association matrix, C
C(i, j) =

nij

N
, i, j ∈ 1, . . . , N, (1)

where ns is the number of objects to be clustered, and
nij represents the number of times a given object pair (i, j)

is placed in the same cluster over the N partitions of the

ensemble.

In order to recover the “natural”clusters, a clustering

algorithm is applied to the learned similarity matrix, C,

yielding the combined data partition, P ∗. Although it is

mostly the hierarchical agglomerative methods that have

been applied in step (c) [2], any clustering algorithm can

be used, either taking C as a pair-wise similarity matrix,

or deriving a feature space from it using multi-dimensional

scaling (MDS).

EAC is a powerful and robust method, but direct or naive

implementation of its basic steps can, however, limits the

scalability of the EAC method, namely due to the O(n2
s)

space complexity required to store the co-association matrix

[6], [5].

In this paper we address the scalability of EAC, theoret-

ically analyzing the method from a space complexity per-

spective. We propose: (1) a compact representation of the co-

association matrix, C, exploring its intrinsic sparseness; and

(2) guidelines for the construction of the clustering ensemble

P, that further increases the sparseness of C, leading to an

overall split and merge strategy for the EAC. Experimental

results, on several benchmark data-sets, confirm that this

strategy leads to a linear space complexity. We show that

this significant space complexity improvement does not

compromise, and may even lead to increased performance

of clustering combination results.

II. CO-ASSOCIATION MATRIX REPRESENTATION

Typically, the co-association matrix, C, generated by the

EAC method, is very sparse. This is illustrated with the syn-

thetic 2D cigar data set (figure 1(a)), and the corresponding

C matrix (figure 1(b)). The color scheme ranges from white

(C(i, j) = 0) to black (C(i, j) = 1), corresponding to the

magnitude of similarity.
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Figure 1. Synthetic 2-D data set (a) with ns = 250 objects, and the
corresponding co-association matrix (b).

Under the working hypothesis of well separated and



balanced clusters, the structure of the co-association matrix

resembles a perfect block diagonal matrix, where each block

corresponds to a cluster, and the number of co-associations

(non-zero elements of the matrix C), is given by:

Nassocs =

K∑

k=1

(nsk)2, (2)

where K is the number of “natural”clusters in the data-set,

and nsk is the number of samples in cluster k.

Taking into account the symmetric nature of this matrix,

and the fact that the principal diagonal elements have value

1, the required elements that need to be retained consist only

of the upper (or lower) triangular matrix, with a total number

of co-associations given by:

Nassocs△ =

K∑

k=1

nsk × (nsk − 1)/2. (3)

We propose to use a sparse representation of the co-

association matrix, C, storing only the upper triangular non-

zero elements of this matrix, substantially reducing the space

complexity of the method and making it more attractive for

large data sets.

III. BUILDING CES: SPLIT AND MERGE STRATEGY

The sparseness of a matrix can be quantified by its density,

or normalized ℓ0 norm, defined by ‖ C ‖
0

= nnz/n2
s, where

nnz is the number of non-zero elements. The density of a

perfect K block diagonal matrix C is given by

‖ C ‖0=

∑K

k=1
(nsk)2

(ns)2
(4)

Considering balanced clusters, each cluster has ns

K
ele-

ments, and the density becomes ‖ C ‖0=
1

K
. Empirically, the

value of ‖ C ‖0 becomes smaller than 1/K , as the number

of co-associations becomes less than Nassocs. This number

depends on the strategy used for generating the clustering

ensemble.

The splitting of “natural”clusters into smaller clusters

induces micro-blocks (smaller than the perfect block

diagonal structures) in the C matrix, resulting in an

increased sparseness (lower density). In order to achieve

this, we propose the following strategy for building

clustering ensembles:

CE construction rule: Apply several clustering

algorithm(s) with many different values of K , the number

of clusters in each partition of the clustering ensemble; K
is randomly chosen in an interval [Kmin, Kmax].

A large value of Kmin, in addition to inducing high

granularity partitioning and consequently reduced space

complexity, is important in order to prevent the existence

of clusters in the CE with samples from different “natu-

ral”clusters. Overall, this follows a split & merge strategy

[2], with the split “natural”clusters being combined in C
during the combination step (b) of the EAC method; they are

eventually recovered during the merging step (c) produced

by clustering the matrix C. One possible choice for Kmin is

to base it on the minimum number of gaussians in a gaussian

mixture decomposition of the data [7].

We propose and analyze two alternative criteria for

determining {Kmin, Kmax}, as a function of ns, the

number of samples in the data set:

(A) Sqrt: {Kmin, Kmax} = {⌈√ns/2⌉, ⌈√ns⌉};

(B) Linear: {Kmin, Kmax} = {⌈ns/A⌉, ⌈ns/B⌉}, with

A > B

The number of non-zero elements in C is related to

the number of associations within each “natural”cluster

over each partition of the ensemble, i.e., the partitioning

granularity. According to the working hypothesis of well

separated and balanced clusters, each cluster Cm, from a

data partition with K clusters, should have nsm = ns/K
objects, contributing to (nsm)2 entries in C; overall, a single

partition produces K(nsm)2 = (ns)
2/K non-zero values

in C. Over the N partitions of the clustering ensemble, a

random partitioning of the “natural”clusters leads to the

construction of partially overlapping clusters. Notice that

shared elements of two overlapping clusters produce exactly

the same co-associations in the matrix C; new entries in the

co-association matrix are the result of the non-overlapping

elements. The density of C is thus larger for smaller values

of K (with Kmin giving the minimum value) and lower

cluster overlap. On average, we consider that the overall

contribution of the clustering ensemble (including unbal-

anced clusters) duplicates the co-associations produced in

a single balanced clustering with Kmin clusters, leading to

the following estimate of the number of associations using

the proposed clustering ensemble construction rule:

Nassocs S&M =
2(ns)

2

Kmin

(SqrtT)
= 4ns

√
ns (5)

(LinearT)
= 2A · ns (6)

where (5) and (6) represent, respectively, the estimates for

the criteria (A) and (B), the latter corresponding to linear

space complexity. The corresponding estimated densities are

‖ C ‖0=
4√
ns

and ‖ C ‖0=
2A
ns

.

For the sake of simplicity, in the next section we illustrate

and evaluate this strategy using K-means clusterings for

constructing the ensemble.

IV. EXPERIMENTAL EVALUATION

To illustrate the performance of the proposed sparse

representation, consider a mixture of Gaussians composed



of 10 2D-gaussians, with equal number of samples (ns/10),

means µi = [0, 12i] and covariances Σi = [1, 0; 0, 1], with

ns in the interval [103; 5 × 104]. For each ns, we create a

clustering ensemble with N=150 partitions, produced using

the K-means algorithm with random number of clusters,

following the criteria proposed in section III (with A=50,

and B=20). Figure 2 plots the evolution of the density of C
and the number of non-zero elements in C, as a function of

the number of samples (ns), for criteria (A) Sqrt and (B)

Linear.
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Figure 2. Density (a) and number of non-zero elements (b) of co-
association matrices as a function of ns for a mixture of gaussians.

As shown in figure 2(a), both criteria lead to a decrease in

density as ns increases. Theoretical estimates (curves SqrtT

and LinearT) seem reasonable for large ns values, providing

a good match with the corresponding experimental results

(curves Sqrt and Linear), in particular for the Linear criterion

(B). Both criteria lead to experimental density values far

below the curve PerfectBlock, corresponding to the density

of a perfect block diagonal matrix, as per equation (4).

Figure 2(b) plots the number of non-zero elements of C
as a function of ns. The line LinearT represents a linear

regression over the empirical results using criteria (B). The
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Figure 3. Density of co-association matrices for benchmark data-sets.

plot is consistent with the proposed theoretical estimate,

reinforcing the observation that the use of criteria (B)

enables linear space complexity.

Table I characterizes several benchmark data-sets (syn-

thetic and other from the UCI repository [8]), values of

kmin and kmax used for building clustering ensembles,

and accuracy of corresponding combined partitions using

the EAC method (columns CI – represent the Consistency

Index [1], obtained by matching the clusters in the combined

partition with the ground truth labels, corresponding to

the percentage of correct labeling). In addition to criteria

(A) and (B), the columns (Var) represent K intervals with

kmin ≥ 10, ensuring that kmin is always larger than the

minimum number of components in a gaussian mixture

decomposition [7].

Figure 3 presents the densities of the co-association

matrices obtained for these data-sets for several clustering

ensemble building criteria. By cross analysis of table I and

figure 3, we can observe that higher kmin values lead to

lower density. As a result, the criterion Var achieves lower

densities for most data sets, corresponding to situations

of higher kmin values than those produced by the other

criteria. It is also evident that the proposed criteria induce

lower densities, when compared to the PerfectBlock curve.

Experimental results with criterion (B) in these data sets

show typically lower densities than the theoretical estimate,

LinearT.

In table I, for each data set we have marked maximal

kmin and CI values. Analysis of these results show that the

granularity of the clustering ensemble, dictated by the value

of kmin, positively influences the quality of the clustering

results. In general, higher kmin values do not compromise

and may even lead to higher CI values.



Data-Sets K ns

Var (A) (B)
kmin kmax CI kmin kmax CI kmin kmax CI

iris 3 150 10 20 0.91 6 12 0.84 3 8 0.84
wine-norm 3 178 10 30 0.96 7 13 0.96 4 9 0.97
spiral 2 200 20 30 0.71 7 14 0.57 4 10 0.54
house.votes 2 232 10 30 0.93 8 15 0.88 5 12 0.88
cigar 4 250 10 30 0.71 8 16 0.71 5 13 0.71
ionosphere.norm 2 351 10 30 0.64 9 19 0.64 7 18 0.64
std-yeast 5 384 10 30 0.69 10 20 0.66 8 19 0.68
rings 3 450 20 50 1.00 11 21 0.60 9 23 0.72
chart-synthetic-control 10 600 13 33 0.57 13 21 0.57 12 30 0.54
breast-cancer 2 683 10 30 0.97 13 26 0.97 14 34 0.97
pima-norm 2 768 10 30 0.65 14 28 0.65 15 38 0.65
optdigits-1000 10 1000 10 30 0.79 16 32 0.80 20 50 0.84
mfeat-fou 4 2000 40 60 0.39 23 45 0.39 40 100 0.39
textures 4 4000 10 30 0.90 32 63 0.97 80 200 0.91
isolet1-5 26 7797 156 176 0.60 44 88 0.61 156 390 0.60

Table I
BENCHMARK DATA-SETS AND CLUSTERING RESULTS, IN TERMS OF CONSISTENCY INDEX, CI, USING THE AVERAGE LINK HIERARCHICAL

CLUSTERING TO OBTAIN THE FINAL PARTITION. VAR: MIXTURE OF GAUSSIANS; A: SQRT CRITERION; B: LINEAR CRITERION.

V. CONCLUSIONS

We have addressed the scalability problem of the evidence

accumulation clustering method, intrinsically related to the

storage of the co-association matrix. Taking advantage of

the sparseness of this matrix, we adopted a sparse matrix

representation, reducing the space complexity of the method.

In order to further reduce the space complexity, we have

proposed a clustering ensemble construction rule, following

a split and merge strategy, according to which the clustering

algorithms are applied with K , the number of clusters,

randomly chosen in the interval [Kmin, Kmax]. Criteria for

the choice of these extreme values were also proposed

and analyzed, showing that both space complexity and

quality of combination results dependent on the partitioning

granularity, dictated by the value of Kmin.

Experimental results confirm that this strategy leads to

linear space complexity of evidence accumulation clustering

on several benchmark data, enabling the scalability of this

framework to large data-sets. We have shown that this sig-

nificant space complexity improvements do not compromise,

and may even lead to increased performance of clustering

combination. The experiments also confirmed linear time

complexity. Additional experiments on larger data sets are

underway.
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Abstract. Electrocardiography signals (ECGs) are typically analyzed for
medical diagnosis of pathologies and are relatively unexplored as physiological
behavioral manifestations. In this work we analyze these signals by employing
unsupervised learning methods with the intent of assessing the existence of sig-
nificant changes of their features related to stress occurring in the performance of
a computer-based cognitive task. In the clustering context, this continuous change
of the signal means that it is difficult to assign signal samples to clusters such that
each cluster corresponds to a differentiated signal state.

We propose a methodology based on clustering algorithms, clustering ensem-
ble methods and evolutionary computation for detection of patterns in data with
continuous temporal evolution. The obtained results show the existence of differ-
entiated states in the data sets that represent the ECG signals, thus confirming the
adequacy and validity of the proposed methodology in the context of the explo-
ration of these electrophysiological signals for emotional states detection.

Keywords: Unsupervised learning, Temporal data, Genetic algorithm, Electro-
cardiogram, ECG, Stress detection.

1 Introduction

Of the existing classification methods, unsupervised learning is especially appealing to
organize data which has little or no labeling information associated to it [3]. A clustering
algorithm organizes the patterns into k groups or clusters, based on the similarity or
dissimilarity values between pairs of objects, such that objects in the same cluster are
more similar than objects of different clusters [5][3]. The adopted similarity might be
statistical or geometrical, such as a proximity measure based on a distance metric in the
d-dimensional representation space of the d features that characterize the data [5]. The
result will be a partition of the analyzed data set.

The work presented here is centered on the analysis of time series of electrophysi-
ological signals, from an unsupervised learning perspective, to assess in particular the
existence of differentiated emotional states. Given that typically the signal is character-
ized by a continuous temporal evolution, this means that the values of the features that
represent it will also change gradually with time and that will possibly reflect transient
emotional states present in the structure of the signal. In the clustering context, the fact

J. Filipe, A. Fred, and B. Sharp (Eds.): ICAART 2010, CCIS 129, pp. 101–115, 2011.
c© Springer-Verlag Berlin Heidelberg 2011
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that such transient states occur, means that it is difficult to assign signal samples to
clusters such that each cluster corresponds to a differentiated state.

This represents a challenge in the implementation of clustering methods to ana-
lyze time series, like the aforementioned electrophysiological signals, because the clus-
ters are not well separated, which in turn introduces ambiguities in the observation of
differentiated emotional states. In order to assess and evaluate the existence of these
emotional states, we propose an analysis methodology based on a genetic algorithm
combined with clustering techniques. The goal of this work methodology is to elim-
inate transient states in order to clarify the existence of well separated clusters, each
corresponding to differentiated states present in the data time series. This methodol-
ogy can be applied to electrophysiological signals acquired during the performance of
cognitive tasks, such as electrocardiography signals (ECG) or electroencephalography
signals (EEG). In this paper we specifically address the identification of stress from
ECG signals.

2 Proposed Methodology

We propose a methodology for analysis of temporal data series, represented in Fig. 1.
It is based on unsupervised learning techniques in order to unveil similarity relations
between the temporal patterns that represent the data, and also to detect differentiated
states in the temporal sequences that represent the data, by applying a genetic algorithm
specifically conceived for this purpose.

After the acquisition and preprocessing of electrophysiological signals, these are rep-
resented by a set of j samples. Each sample corresponds to a given segment of the sig-
nal, therefore being associated to a time stamp, and is characterized by a d-dimensional
feature vector, f = [f1...fd].

The proposed methodology encompasses steps of learning similarities between tem-
poral patterns, and the detection of states from these. These two main steps are
described in the following subsections. The overall process consists of refining the state
detection by means of a genetic algorithm that uses the output of these clustering and
state detection procedures.

2.1 Learning Similarities with Evidence Accumulation

Different clustering algorithms lead in general to different clustering results. A recent
approach in unsupervised learning consists of producing more robust clustering results
by combining the results of different clusterings. Groups of partitions of a data set are
called clustering ensembles and can be generated by choice of clustering algorithms or
algorithmic parameters, as described in [2]. Evidence Accumulation (EAC) is a clus-
tering ensemble method that deals with partitions with different number of clusters
by employing a voting mechanism to combine the clustering results, leading to a new
measure of similarity between patterns represented by a co-association matrix. The un-
derlying assumption is that patterns belonging to a natural cluster are very likely to be
assigned in the same cluster in different partitions. Taking the co-occurrences of pairs



Clustering Data with Temporal Evolution: Application to Electrophysiological Signals 103

Fig. 1. Proposed work methodology for analysis of temporal series. The time series illustrated
corresponds to ECG signals.

of patterns in the same cluster as votes for their association, the N data partitions of n
patterns are mapped into a n × n co-association matrix:

C(i, j) =
nij

N
(1)

where nij is the number of times the pattern pair (i, j) is assigned to the same cluster
among the N partitions.

Graphically, the clusters can be visualized in the representation of the co-association
matrix: if contiguous patterns belong to the same cluster, then quadrangular shapes will
be present in this representation [8]. A co-association matrix is illustrated in Fig. 2(a).
The chosen color scheme ranges from white to black (grayscale), corresponding to the
gradient of similarity. Pure black corresponds to the highest similarity. Given that our
major goal is to test that the temporal evolution of emotional states corresponds to a tem-
poral evolution of the analyzed signal, the graphical representation of the co-association
matrix is a powerful tool to assess the relationships of signal samples ordered by instant
of occurrence.
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(a) Co-association matrix (b) Cluster evolution over time

Fig. 2. Graphical representation examples: co-association matrix and temporal evolution of the
clusters extracted from it

A consensus partition can be extracted from the co-association matrix by applying
an hierarchical clustering method [2][8]. Hierarchical algorithms are either divisive or
agglomerative based on whether the partitioning process is top-down or bottom-up [4]:
agglomerative methods initially treat each pattern as a single cluster and will agglomer-
ate these clusters based on proximity values, represented by a proximity matrix, while
divisive methods assume initially that the entire data set is a single cluster [4]. These
processes of agglomerating or dividing clusters are represented graphically by a dendro-
gram. A partition with k clusters is obtained by cutting the dendrogram at the k-th level.
On the other hand, the decision on the number of clusters might be based on specific
criteria, such as the cluster lifetime criterion: the k cluster lifetime is defined as the range
of threshold values on the dendrogram that lead to the identification of k clusters [2].

An example of an extracted partition is depicted in Fig. 2(b), where the relationship
between the temporally sequenced samples (x-axis) and the cluster to which they are
assigned (y-axis), is plotted. It is possible to observe that cluster transitions generally
occur between adjacent clusters: cluster 1 evolves to cluster 2, cluster 2 evolves between
clusters 2 and 3, etc [8]. This is a meaningful result for the testing of the hypothesis of
temporal evolution of emotional states.

2.2 Detection of Temporal States and Cluster Separability

The detection of temporal states is performed by comparing and examining the temporal
evolution of clusters of one or more partitions produced from the learned similarity
matrix. The goal of this analysis is the assessment of underlying structures that might
correspond to the temporal evolution of differentiated states. The proposed criteria for
this assessment are illustrated in Fig. 3. Each criterion considers sample segments of
the temporal evolution of the clusters. Differentiated states are detected if: (1) there are
segments such that all the samples of each segment belong to a single cluster (Fig. 3(a));
(2) each segment is comprised of samples belonging to different clusters, such that each
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(a) Criterion 1 (b) Criterion 2 (c) Criterion 3

Fig. 3. Visualization of the proposed state detection criteria

Algorithm 1. State detection method

input : Cluster labels.
output: Consensus partition.
Split the n acquired samples into w windows (L1, L2, ..., Lw) each with n samples.1

Create the cluster indicator matrix Mb with w rows and i columns. Mb(s, i) = 1 if cluster2

label i is present in the Ls window. Repeat this procedure to all windows.
Identify meta-clusters by clustering over Mb with EAC, by examining the graphical3

representation of the state evolution of the consensus partition.

Fig. 4. State detection procedure

of those segments correspond to a unique combination of clusters (Fig. 3(b)) and (3)
there are segments that correspond either to a single cluster or to a unique combination
of clusters (Fig. 3(c)).

In order to identify states corresponding to distinct combinations of clusters, as per
criteria 2 and 3, a meta-clustering procedure is used. Splitting the observation period
(total duration of the acquired data) into adjacent windows (L1, L2, ..., Lw) each con-
taining n samples, we define a cluster indicator w × k matrix, Mb. Each row of the
matrix corresponds to a window, and each column to a cluster label, where the cluster
combination for each window is expressed. Specifically, in each row, columns with the
value 1 indicate the presence of the associated cluster in that window and so forth. This
procedure is described in Algorithm 1, as well as in Fig.4.



106 L.A.S. Medina and A.L.N. Fred

(a) Data Set 1 (b) Data Set 2 (c) DS1: clustering (d) DS2: clustering

Fig. 5. Original synthetic data sets: feature values change abruptly between the clusters of DS1
(Fig. 5(a)) and feature values change smoothly over time for the samples of DS2 (Fig. 5(b)).
Temporal evolution of the clusters obtained after applying EAC over K-Means partitions: the
samples of DS1 are correctly partitioned but samples of DS2 corresponding to the transition
between the two main clusters are wrongly assigned.

3 Genetic Algorithm for Denoising of Data with Temporal
Evolution

In this section we propose a genetic algorithm (GA) specifically designed to overcome
the ambiguities induced by transient states present in signals characterized by temporal
evolution. This GA is based on the assumption that, after removal from the original data
set of the subset of samples that corresponds to transient states and performing EAC on
the clustering ensemble based on this new reduced data set, a structure of separate states
might emerge from the respective co-association matrix.

Fig. 5 illustrates the difficulty of clustering temporal data with smooth transitions.
In these examples, data is represented by 2-D feature vectors. In data set 1 (DS1, see
Fig. 5(a)), each state is modeled by a gaussian distribution, the transition between the
two states (well separated mean values) occurring abruptly in time. Data set 2 (DS2,
see Fig. 5(b)) illustrates a smooth evolution between states, each being composed by
a mixture of two gaussians, where the mixtures of gaussians are quite distinct at the
initial (left) and final (right) time periods; however the transitions between these occur
smoothly. The clustering results obtained after applying Evidence Accumulation over
K-means [3] produced partitions from both synthetic data sets are also depicted in Fig.
5. The partition found for the first data set represents truthfully the two states, (Fig. 5(c));
however the clustering method fails to label correctly the samples of the second data set
due to smooth transitions between its groups of samples (Fig. 5(d)). It is not possible to
assert, with confidence, where the first state ends and where the second state begins.

Fig. 6 illustrates the testing of the existence of well separated states, each corre-
sponding to a single cluster, by denoising with a task specific genetic algorithm. Fig.
6(a) represents the co-associations matrix that corresponds to the original data set DS2;
Fig. 6(b) illustrates the group of samples (marked pure black) to be removed in order
to obtain separated quadrangular blocks, with no transient structures between them;
finally Fig. 6(c) illustrates the co-association matrix obtained from the new data set.
The temporal evolution of the clusters obtained for the original and denoised data sets
are shown in Fig. 5(d) and Fig. 6(d), respectively. Two well separated states may be
observed in the temporal evolution of the clusters obtained from the denoised data set



Clustering Data with Temporal Evolution: Application to Electrophysiological Signals 107

100 200 300 400 500

50

100

150

200

250

300

350

400

450

500

550

(a) Original matrix

100 200 300 400 500

50

100

150

200

250

300

350

400

450

500

550

(b) Samples to be removed (pure
black)

50 100 150 200 250 300 350 400 450

50

100

150

200

250

300

350

400

450

(c) Denoised matrix

(d) Cluster evolution after
denoising the data

Fig. 6. Example of the application of denoising

(see Fig. 6(d)). The intermediate groups of samples to be removed are determined by
applying a task-specific genetic algorithm (GA). Several operators and procedures must
be declared in order to define a particular GA [9]. These operators were defined for the
denoising GA as follows. The algorithm itself is summarized by Algorithm 2.

Representation. Each individual is a set of samples, obtained after removal of one or
more subsets of intermediate samples from the original data set. The first pattern of
each removed subset is called minimum limit, (lmin), and the last pattern is referred to
as maximum limit, (lmax).

Fitness Function. The evaluation of the fitness value of each individual is comprised
of two stages, each concerning a partial fitness value function.

1. Determine if two or more of the H partitions that are associated to the individual m
are equal: if partitions P1 and P2 are equal, then I(P1, P2) = 1, else I(P1, P2) = 0.
The fitness value associated to consensus partitions equality is given by F1 such that

F1 =
1

(
H
2

)
H−1∑

i=1

H∑

j=i+1

I(Pi, Pj) (2)

2. Determine, for each of the H partitions associated to the individual, the degree
of cluster separability between temporal segments. We define the following two
segments: segment (A) comprised of all the samples that occur before lmin, and
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Fig. 7. Evaluation of clusters temporal separability. The subset of removed samples is marked
gray.

segment (B) comprised of all the samples that occur after lmax (see Fig. 7). The
subset of samples between lmin and lmax is the subset of removed samples from
the original data set. For each segment, we determine the dominant cluster label.
Samples with a different cluster label are considered outliers.

The fitness value associated to temporal separability is given by F2:

F2 =
1
H

∑

H

nsamples − noutliers

nsamples
(3)

where nsamples is the total number of samples associated to the evaluated individ-
ual. For the example shown in Fig. 7, the dominant cluster for segment A is cluster
1, with 9 outliers (that belong to cluster 2). The dominant cluster for segment B is
cluster 2, with 0 outliers.

The final fitness value, Ftotal, for each individual is then

Ftotal = αF1 + (1 − α)F2 (4)

where α is a weighting coefficient such that α ∈ [0, 1].

Selection. The selection of individuals for recombination is based on their fitness values
by employing deterministic tournament selection (see [9]). Two individuals are selected
for each selection step.

Recombination. Recombination of lmin and lmax of the selected individuals for gener-
ation of two new individuals with probability of occurrence pr: the new lmin and lmax

are chosen randomly as intermediate values of the selected individuals lmin and lmax,
respectively.

Mutation. Modification of lmin and lmax of the new individuals by adding or sub-
tracting to them a randomly chosen number, nmut, with probability of occurrence pm.
Addition and subtraction have the same probability of occurrence.
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(a) Concentration task (b) PQRST wave

Fig. 8. Stress inducing task (examination and annotation of a matrix with 800 numbers) and typ-
ical morphology of an ECG wave

4 Application Domain: Detection of Stress from ECG Signals

The temporal series analyzed correspond to electrocardiography,or ECG, signals. These
signals are part of a more vast experience of multi-modal acquisition of physiological
signals - the HiMotion project [1]. The ECG signals were acquired from a group of 24
subjects performing a stress inducing cognitive task, illustrated in Fig. 8(a). This task
is a concentration test that consists of the identification and annotation of pairs of num-
bers that add to 10, by examination of the lines of a matrix of 20 lines per 40 columns
of numbers [1]. The population of subjects is comprised of 18 males and 9 females,
being their mean ages 23.4 years. For each one of these subjects, a montage with two
electrodes called V2 bipolar single lead electrocardiogram was used to collect signals
from the heart [1]. Given that this concentration task is stress inducing, the presented
methodology is applied to the ECG signals in order to assess the existence of stress
states.

4.1 ECG Processing and Feature Extraction

An ECG signal is a recording of the electrical activity of the heart that consists of
sequences of heart beats. Each heart beat has a typical morphology which consists of
five waves (P, Q, R, S, T), schematically represented in Fig. 8(b).

From the acquired time series corresponding to the ECG signal, signal processing
techniques were applied for signal segmentation [1] and a mean wave form was cal-
culated based on 10 consecutive heart beats, to remove some spurious noise. All the
waves were aligned with respect to the R wave. The recorded signal for each subject is
then summarized in a temporal sequence of 137 mean waves, each wave represented by
a feature vector [1].

The representation of the ECG signals is based on the P, Q, S, T waves. The R wave
is used for time alignment, setting the initial instant of the beat (tR = 0). The following
rules are used to locate the position of each of the P, Q, S, T waves and to extract the
eight main features of each mean wave [1], as depicted in Fig. 8(b):
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Algorithm 2. Genetic algorithm for denoising of data characterized by temporal evolution
of its features

input : Data to be clustered.
Clustering algorithm: cAlgo;
Number of partitions of each clustering ensemble: nParts;
H distinct hierarchical extraction algorithms;
Cluster extraction criterion;
Fitness threshold: th;
Number of generations: G.
Number of individuals of each population: M.

output: Denoised representation of the data, solution.

obtain an initial population from the original data set, pop(g = 1), of M individuals,
randomly;
while g <= G do

currentPop = pop(g);
foreach m ∈ currentPop do

cE← clusteringEnsemble(m,cAlgo,nParts);
coAssocs← EAC(cE);
for h← 1 to H do

m(h).partition← extract(coAssocs,h);
end
fitValue← fitness(m);
if fit >= th then

solution←m;
break;

end
solution←m : fitValue = maxFitnessValue(currentPop);

end
g ← g + 1;
m← 0;
while sizePop(pop(g + 1)) < M do

parents← select(currentPop);
(recIndOne, recIndTwo)← recombine(parents);
(mutIndOne, mutIndTwo)← mutate(recIndOne,recIndTwo);
insert(pop(g + 1),mutIndOne,mutIndTwo);
sizePop(pop(g + 1))← sizePop(pop(g + 1))+2;

end
end

1. tP - the first maximum before the R wave;
2. aP - the amplitude of the P wave;
3. tQ - the first minimum before the R wave;
4. aQ - the amplitude of the Q wave;
5. tS - the first minimum after the R wave;
6. aS - the amplitude of the S wave;
7. tT - the first maximum after the R wave;
8. aT - the amplitude of the T wave.
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Table 1. Algorithmic parameters

Description Notation Parameter Values
Clustering Algorithms cAlgo1 and

cAlgo2
k ∈ [2, 6]

σ ∈ [0.3, 0.4, ..., 2.9, 3.0]
nParts = 140 (for each
cAlgo)

Number of individuals M 20
Number of partitions associated to each individ-
ual

H 5

Number of generations G 20
Minimum threshold of fitness value th 0.95
Fitness coefficient α 0.1
Probability of recombination pr 0.9
Probability of mutation pm 0.1
Range of mutation values nmut nmut ∈ [0, 5]

Window size n 10 samples

Each mean wave is represented by a 53-dimensional feature vector: the aforemen-
tioned 8 features, plus the amplitudes of the signal at 45 points of the signal obtained by
re-sampling of the mean wave [1] . Thus, for each of the 24 subjects, there is a group of
137 temporally sequenced samples or patterns, corresponding each sample to a vector
of 53 features.

4.2 Algorithmic Parameters and Experiments

Table 1 synthesizes the algorithms and algorithmic parameters employed. Two spectral
clustering algorithms were used to produce clustering ensembles for each of the 24
data sets. These algorithms were originally proposed by Ng et al, [6], and Shi et al [7],
and referred to in Table 1 by cAlgo1 and cAlgo2, respectively. Each partition of the
clustering ensemble is generated such that it corresponds to a combination of possible
values of the spectral algorithms parameters (which consist on the number of clusters,
k and a scaling parameter σ).

Five agglomerative hierarchical methods were used for the consensus partition ex-
traction from the co-associations matrix thus generated, using the cluster lifetime cri-
terion: Single Link (SL), Complete Link (CL), Average Link (AL), Ward’s Link (WL)
and Centroid’s Link (CenL). Detailed descriptions and studies of these algorithms may
be found for example in [3] or [10].

For the final step of the detection method described in Section 2.2, five different par-
titions are extracted with the cluster lifetime criterion (one for each of the hierarchical
methods already mentioned), as well. The final state structure is chosen to be the one
that the majority of the hierarchical methods finds.
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(a) Subject 1: Original data set (b) Subject 13: Original data
set

(c) Subject 21: Original data
set

(d) Subject 1: Denoised data
set

(e) Subject 13: Denoised data
set

(f) Subject 21: Denoised data
set

Fig. 9. Subjects 1, 13 and 21. The original data sets co-association matrices are depicted by Figs.
9(a),9(b) and 9(c), respectively. The denoised data sets co-association matrices are depicted by
Figs. 9(d), 9(e) and 9(f), respectively. The samples removed from the original co-association
matrices are within the area delimited by the arrows alongside the axes of Figs. 9(a) to 9(c).

4.3 Results and Discussion

Fig. 9 represents co-association matrices obtained for the original data set and for the
denoised data set of subjects 1, 13 and 21, which show different levels of separability
of the evolution into stress states.

By comparing the representations of both co-association matrices for the same sub-
ject, it is possible to observe that denoising of the original data sets will lead to the
revelation of the structure of states in the ECG time series. Similarity relationships
between contiguous samples are thus emphasized, which means that the clusters are
separated such that a structure of differentiated states emerges, with no ambiguities in
the observation and detection of these states.

This better separability of emotional states by the proposed GA-based method is
further evaluated by observing the temporal evolution of clustering results produced
from the learned similarities. Figs. 10(a) to 10(e) illustrates the temporal evolution of
clusters obtained for the original data set of subject 6 (each partition corresponds to one
of the five hierarchical methods used for combined partition extraction). By inspection
of these 5 representations, we observe that different methods extract different partitions,
in terms of number of clusters and samples assigned to each cluster. Though a structure
of the data appears to be present, the transitions between clusters induce ambiguities in
the observation of differentiated states.
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(a) Single Link (b) Complete Link (c) Average Link

(d) Ward’s Link (e) Centroid’s Link (f) Denoised

Fig. 10. Subject 6: original data set partition (Figs. 10(a) to 10(e)) and denoised data set partition
(Fig. 10(f)), where the removed samples are marked gray. The x-axis represents the temporally
ordered ECG samples and the y-axis the clusters to which they are assigned.

After applying the denoising GA the five methods extract the same partition of the
data (depicted in Fig. 10(f)). This partition reveals two completely separated clusters
each corresponding to a different emotional state. Thus, these results validate the ob-
servations of the original data set and it is possible to conclude that emotional states are
observable in the ECG temporal series of subject 6.

Before denoising the data sets, the state detection method described (see Section 2.2)
produces two or three states for 10 of the 24 subjects. The structures obtained have
many transitions between clusters, which induces uncertainty in the observations of
these results. Only in 3 of these 10 structures can we observe distinct state structures
with no ambiguity.

For the remaining subjects, it is not clear how many states exist, nor which samples
belong to each states (i.e., where does one state ends and the next begins). Figs. 11(a)
to 11(c) depict structures found for 3 of such subjects: Fig. 11(a) refers to subject 22,
Fig. 11(b) refers to subject 3, and Fig. 11(c) refers to subject 8. In all of these structures
we observe several transitions between clusters.

After applying the denoising GA the results obtained by the state detection method
reveal, with no ambiguities, the existence of distinct states for 18 subjects. We observe
three typical structure types, depicted in Figs. 11(d) to 11(f): two distinct states, found
for 5 subjects (of which subject 22 is an example, as shown in Fig. 11(d)), three distinct
states, found for 11 subjects (of which subject 3 is an example, as shown in Fig. 11(e)),
and four distinct states found for two subjects (of which subject 8 is an example, as
shown in Fig. 11(f)). The duration of each state differs between subjects. The amount
of samples removed by the denoising GA is also different for each individual, ranging
from 31% to 59% of the total samples.
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(a) Subject 22 (original) (b) Subject 3 (original) (c) Subject 8 (original)

(d) Subject 22 (denoised) (e) Subject 3 (denoised) (f) Subject 8 (denoised)

(g) Subject 22 (denoised) (h) Subject 3 (denoised) (i) Subject 8 (denoised)

Fig. 11. State detection: three types of structures are observable in the denoised data sets
(Figs. 11(d) to 11(f)). These structures were detected in partitions extracted from the denoised
co-association matrices represented in Figs. 11(g) to 11(i). The structures obtained with the de-
tection method for the original data sets have more transitions between clusters, thus inducing
uncertainty in the observation of differentiated states. The removed subsets of samples are delim-
ited by dashed lines (Figs.11(a) to 11(c)).

5 Conclusions

In this work we proposed a methodology for the analysis of data characterized by tem-
poral evolution, such as electrophysiological signals. This methodology is based on a
clustering ensemble method, and on a genetic algorithm for assessment of the existence
of differentiated states in time series. The presented results pertain to the application
of the proposed techniques on ECG temporal series acquired during the performance
of a cognitive task. These results validate our assumption that it is possible to infer
the existence of differentiated emotional states in these signals by using the proposed
methodology.
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Ongoing work consists on a further extensive validation of this methodology in the
herein presented application domain, as well as extrapolation to the automatic analysis
of other time series, such as EEG data.

Acknowledgements. We acknowledge financial support from the FET programme
within the EU FP7, under the SIMBAD project (contract 213250). This work was par-
tially supported by the Portuguese Foundation for Science and Technology (FCT), Por-
tuguese Ministry of Science and Technology, under grant PTDC/EIA CCO/1032230/
2008.

References

1. Gamboa, H.: Multi-Modal Behavioral Biometrics Based on HCI and Electrophysiology. PhD
Thesis, Instituto Superior Técnico (2008),
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On the Distribution of Dissimilarity Increments
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Abstract. This paper proposes a statistical model for the dissimilarity changes
(increments) between neighboring patterns which follow a 2-dimensionalGaus-
sian distribution. We propose a novel clustering algorithm, using that statisti-
cal model, which automatically determines the appropriate number of clusters.
We apply the algorithm to both synthetic and real data sets and compare it to a
Gaussian mixture and to a previous algorithm which also used dissimilarity in-
crements. Experimental results show that this new approach yields betterresults
than the other two algorithms in most datasets.

Keywords: clustering, dissimilarity increments, likelihood ratio test, Gaussian
mixture

1 Introduction

Clustering techniques are used in various application areas, namely in exploratory data
analysis and data mining [4]. Also known as unsupervised classification of patterns into
groups (clusters), the aim is to find a data partition such that patterns belonging to the
same cluster are somehow “more similar” than patterns belonging to distinct clusters.
Clustering algorithms can be partitional or hierarchical,and can use a multitude of ways
to measure the (dis)similarity of patterns [4, 7].

Partitional methods assign each data pattern to exactly onecluster; the number of
clusters,K, is usually small, and often seta priori by the user, as a design parameter.
Otherwise, the choice ofK may be addressed as a model selection problem. The most
iconic partitional algorithm is also the most simple:K-means, using the centroid as
cluster representative, attempts to minimize a mean-square error criterion based on the
Euclidean distance as measure of pairwise dissimilarity [7]. Also, common methods to
estimate probability density functions from data, such as Gaussian mixture decomposi-
tion algorithms [1], can also be used as clustering techniques.

Hierarchical methods, on the other hand, yield a set of nested partitions which
is graphically represented by a dendrogram. A data partition is obtained by cutting
the dendrogram at a certain level. Linkage algorithms, suchas the single-link and the
complete-link [4], are the most commonly used.

Fred and Leit̃ao [3] have proposed a hierarchical clustering algorithm using the
concept ofdissimilarity increments. These increments, which are formally defined in
Section 2, use three data patterns at a time, and therefore yield information that goes
beyond pairwise dissimilarities. Fred and Leitão showed empirical evidence suggesting



that dissimilarity increments vary smoothly within a cluster, and proposed an expo-
nential distribution as statistical model governing the dissimilarity increments in each
cluster [3]. They also noted that abrupt changes in the increments values means that the
merging of two well separated clusters should not occur.

In this paper we propose a novel dissimilarity increments distribution (DID), sup-
ported on a theoretical-based analytical derivation for Gaussian data inR2. We use
this distribution to construct a partitional clustering algorithm that uses a split&merge
strategy, which iteratively accepts or rejects the mergingof two clusters based on the
distribution of their dissimilarity increments. We apply this algorithm to 6 synthetic data
sets and 5 real data sets using as starting condition the clusters yielded by a Gaussian
mixture algorithm proposed by Figueiredo and Jain [1], although any Gaussian mixture
algorithm could be used instead.

This paper is structured as follows: Section 2 presents the derivation of the dissim-
ilarity increments distribution (DID), and in Section 3 we propose a rewriting of the
latter that depends on a single parameter: the expected value of increments. In Section
4, we show how to use this DID in a clustering algorithm. We present, in Section 5, the
results of the proposed algorithm for 6 synthetic data sets with different characteristics
(gaussian clusters, non-gaussian clusters, arbitrary shape clusters and densities) and 5
real data sets from the UCI Machine Learning Repository. These results are compared
with the initial Gaussian mixture decomposition and with the hierarchical clustering
algorithm proposed by Fred and Leitão in [3]. Conclusions are drawn in Section 6.

2 Dissimilarity Increments Distribution for 2D Gaussian Data

Consider a set of patterns,X. Givenxi, an arbitrary element ofX, and some dissimilar-
ity measure between patterns,d(·, ·), let (xi,xj ,xk) be the triplet of nearest neighbors,
wherexj is the nearest neighbor ofxi andxk is the nearest neighbor ofxj different
from xi. The dissimilarity increment [3] between the neighboring patterns is defined as

dinc(xi,xj ,xk) = |d(xi,xj)− d(xj ,xk)| . (1)

Assume thatX ∈ R
2, and that elements ofX are independent and identically

distributed, drawn from a normal distribution,xi ∼ N (µ, Σ), with mean vectorµ and
covariance matrixΣ. In this paper, the Euclidean distance is used as the dissimilarity
measure, and our goal is to find the probability distributionof dinc.

Let X∗ be the result of an affine transformation of the patterns inX such that the
transformed data has zero mean and the covariance matrix is amultiple of the identity
matrix. DefineD∗ ≡ x∗ −y∗ as the dissimilarity in this space. Then the distribution of
dissimilarities in this space becomes

(D∗)2 ≡ ‖x∗ − y∗‖2 =

2∑

i=1

(x∗
i − y∗i )

2

Σ∗
ii

∼ χ2(2),

whereχ2(2) is the chi-square distribution with 2 degrees of freedom, which is equiva-
lent to an exponential distribution with parameter 1/2 [5].



Since the transformed data has circular symmetry, we haveD∗ = D∗ cosα e1 +
D∗ sinα e2, with α = angle(D∗) ∼ Unif([0, 2π[). Furthermore,D ≡ x − y =
√
Σ∗

11 D
∗ cosα e1 +

√
Σ∗

22 D
∗ sinα e2, and

D2 ≡ ‖D‖2 = (Σ∗
11 cos

2 α+Σ∗
22 sin

2 α
︸ ︷︷ ︸

A(α)2

) (D∗)2
︸ ︷︷ ︸

‖D∗‖2

, (2)

whereA(α)2 is called the expansion factor. Naturally this expansion factor will depend
on the angleα. In practice it is hard to properly deal with this dependence. Therefore we
will use the approximation that the expansion factor is constant and equal to the average
value of the true expansion factor. We must findE[A(α)2], whereα ∼ Unif([0, 2π[)
andpα(α) = 1

2π . After some computations, the expected value is given by

E[A(α)2] =

∫ 2π

0

pα(α)A(α)
2 dα =

1

2
tr(Σ∗).

Under this approximation, the transformation equation (2)from the normalized
space to the original space isD2 = 1

2 tr(Σ
∗)(D∗)2 and the probability density function

of D = d(x,y) is (recall that(D∗)2 ∼ Exp(1/2))

p
D
(z) =

2z

tr(Σ∗)
exp

(

− z2

tr(Σ∗)

)

, z ∈ [0,∞). (3)

We can conclude thatD1 = d(x,y) andD2 = d(y, z) follow the distribution
in equation (3). The probability density function forW = D1 − D2 is given by the
convolution

p
W
(w) =

∫ ∞

−∞

4t(t+ w)

tr(Σ∗)2
exp

(

− t2 + (t+ w)2

tr(Σ∗)

)

1{t≥0} 1{t+w≥0} dt. (4)

Since we want to find the probability density function for thedissimilarity incre-
ments, we need to consider the probability density functionof |W | = dinc. Therefore,
the probability density function for the dissimilarity increments is given by (derivations
were omitted due to limited space)

p
dinc

(w;Σ∗) =
w

tr(Σ∗)
exp

(

− w2

tr(Σ∗)

)

+

√
π√

2 (tr(Σ∗))3/2
(tr(Σ∗)− w2)×

× exp

(

− w2

2 tr(Σ∗)

)

erfc

(

w
√

2 tr(Σ∗)

)

, (5)

whereerfc(·) is the complementary error function.

3 Empirical Estimation of DID

The DID, as per equation 5, requires explicit calculation ofthe covariance matrix,Σ∗,
in the transformed normalized space. In the sequel we propose data model fitting by



rewritting the distribution as a function of the mean value of the dissimilarity incre-
ments,λ = E[w]. This is given by (after some calculation)

λ = E[w] =

∫ ∞

0

wp
W
(w) dw =

√
π

2
(tr(Σ∗))1/2

(

2−
√
2
)

.

Hence,(tr(Σ∗))1/2 = 2E(w)√
π(2−

√
2)

. Replacing in (5) we obtain an approximation for the

dissimilarity increments distribution of a cluster that only depends of the mean of all
the increments in that cluster:

p
dinc

(w;λ) =
π
(
2−

√
2
)2

4λ2
w exp

(

−π
(
2−

√
2
)2

4λ2
w2

)

+
π2
(
2−

√
2
)3

8
√
2λ3

×

× exp

(

−π
(
2−

√
2
)2

8λ2
w2

)(

4λ2

π
(
2−

√
2
)2 − w2

)

erfc

(√
π
(
2−

√
2
)

2
√
2λ

w

)

.

(6)

Figure 1 provides histograms for two data sets consisting of1000 samples drawn
from a Gaussian distribution in dimensionsM = 2 andM = 100. As shown in fig-
ures 1(a) and 1(b), forM = 2 both the derived probability density function (6) and
the exponential distribution suggested in [3] lead to a goodfit to the histogram of the
dissimilarity increments. However, as figure 1(c) shows, the latter provides a poor fit
for high dimensions, such asM = 100, while the proposed distribution, even though
derived for the 2D case, is much more adequate.
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(a) M = 2, DID
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(b) M = 2, Exponential
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Fig. 1. Histograms of the dissimilarity increments computed overM -dimensional Gaussian data
and fitted distribution: (a) DID; (b) and (c) Exponential distribution.

4 Clustering using the Dissimilarity Increments Distribution

Let P init be a partitioning of the data produced by a gaussian mixture decomposition.
Then, each cluster inP init follows a gaussian model; ifxi ∈ R

2, we are under the un-
derlying hypothesis of the model presented in Section 2. Oneof the main difficulties of



the gaussian mixture decomposition is the inability to identify arbitrarily shaped clus-
ters. We propose to overcome this intrinsic difficulty by a process of merging clusters
using the previously derived model for dissimilarity increments. The decision to merge
two clusters will depend on the dissimilarity increments distribution of each of the two
clusters separately and of the two clusters combined.

We use the Mahalanobis distance [7] (which computes the distance between two
gaussian distributions) to decide which clusters to test, by testing first clusters that are
closer. The test we perform is a likelihood ratio test [6] consisting on the logarithm
of the ratio between the likelihood of two separate clusters(two DID models) and the
likelihood of the clusters together (single DID model). This likelihood ratio test is ap-
proximated by a chi-square distribution with one degree of freedom1. Therefore,

−2 log

(

p
dinc

(w;λ1, λ2)

p
dinc

(w;λ12)

)

∼ χ2(1). (7)

Two clusters are merged if thep-value from theχ2(1) distribution is less than a signif-
icance levelα. This test is performed for all pairs of clusters until all the clusters that
remain, when tested, are determined not to be merged. The overall procedure of this
algorithm is summarized in algorithm 1.

Algorithm 1 GMDID
Input: 2-dimensional data,α
P init = {C1, . . . , CN} ← data partition produced by a gaussian mixture decomposition
Dij ← Mahalanobis distance between clustersi andj
for all pairs(i, j) in ascending order ofDij do

pi ← DID for clusteri, pj ← DID for clusterj (eq. 6)
pij ← DID for cluster produced merging clustersi andj (eq. 6)
p-value← Likelihood ratio test betweenpipj andpij (eq. 7)
if p-value< α then

merge clustersi andj
else

do not merge clustersi andj
end if

end for
Return: P = {C1, . . . , CK} ← final data partitionK ≤ N

4.1 Graph-based Dissimilarity Increments Distribution

In order to choose the parameterα, we propose to use the Graph-based Dissimilarity In-
crements Distribution index, hereafter designated by G-DID, which is a cluster validity

1 We have two parameters in the numerator – the expected value of the increments for each of
the two clusters separately – and one parameter in the denominator – the expected value of the
increments for the two clusters combined.



index proposed by Fred and Jain [2] based on the minimum description length (MDL)
of the graph-based representation of partitionP . The selection amongN partitions,
produced by different values ofα, using the G-DID index, is as follows

ChooseP i : i = argmin
j

{G-DID(P j)}, (8)

where G-DID(P ) = − log f̂(P )+ kP

2 log(n) is the graph description length, and̂f(P )
is the probability of partitionP , with kP clusters, according to a Probabilistic Attributed
Graph model taking into account the dissimilarity increments distribution (see [2] for
details). In [2], graph edge probability was estimated froman exponential model as-
sociated with each cluster, and the G-DID of the corresponding partition was used to
select a design parameter of the hierarchical algorithm in [3]. For the selection ofα for
the GMDID algorithm describd above, we will use instead the DID model according to
formula 6.

5 Experimental Results and Discussion

We can use any Gaussian mixture algorithm to obtain the conditions of the proposed
clustering method; we chose the algorithm proposed by Figueiredo and Jain [1]. This
method optimizes an expectation-maximization (EM) algorithm and selects the number
of components in an unsupervised way, using the MDL criterion. With this Gaussian
mixture algorithm we get a partition for the data set with as many clusters as gaussians.

To test the performance of the proposed method, we used 11 data sets: 6 synthetic
data sets, and 5 real data sets from the UCI Machine Learning Repository2. The syn-
thetic data sets were chosen to take into account a wide variety of situations: well-
separated and touching clusters; gaussian and non-gaussian clusters; arbitrary shapes;
and diverse cluster densities. These synthetic data sets are shown in figure 2. TheWis-
consin Breast-Cancer data set consists of 683 patterns represented by nine features
and has two clusters. TheHouse Votes data set consists of votes for each of the U.S.
House of Representatives Congressmen on the 16 key votes identified by the Congres-
sional Quarterly Almanac. It is composed by two clusters andonly the patterns without
missing values were considered, for a total of 232 samples (125 democrats and 107 re-
publicans). TheIris data set consists of three species of Iris plants (Setosa, Versicolor
and Virginica). This data set is characterized by four features and 50 samples in each
cluster. TheLog Yeast andStd Yeast is composed of 384 samples (genes) over two cell
cycles of yeast cell data. Both data sets are characterized by 17 features and consisting
of five clusters corresponding to the five phases of the cell cycle.

We compared the proposed method (GMDID) to the Gaussian mixture (GM) algo-
rithm [1] used to initialize the dissimilarity increments distribution, and to the method
proposed by Fred and Leitão [3] based on Dissimilarity Increments (SL-AGLO). All
these methods find the number of clusters automatically. GMDID and SL-AGLO have
an additional parameter, so we compute partitions for several values of parameters. GM-
DID has a significance levelα and we used 1%, 5%, 10% and 15% to decide whether

2 http://archive.ics.uci.edu/ml



Fig. 2. Synthetic data sets

two clusters should be merged or not. The SL-AGLO algorithm has an isolation parame-
ter which is a threshold set in the tail of the exponential distribution of the dissimilarity
increments of a cluster (with parameter the inverse of the mean of the increments of
that cluster). We used values ranging from the mean of the exponential distribution to
10 times this mean for this threshold, and the choice of the best value was also done
using G-DID.

We assess the quality of each resulting partitionP using the consistency index (CI),
which is the percentage of correctly clustered patterns. Table 1 summarizes the results.
The Gaussian mixture algorithm has problems finding the correct number of clusters, if
the data sets are non-gaussians or can not be approximated bya single Gaussian. How-
ever, GMDID improved the results given by the Gaussian mixture, because it depends
of the dissimilarity changes between neighboring patterns. If a cluster does not have
a Gaussian behavior and the Gaussian mixture produces at least two gaussian compo-
nents for that cluster, it may be possible that GMDID can find the cluster, for a certain
statistical significance level, by merging those components together.

Despite the fact that the dissimilarity increments distribution proposed here is for
2-dimensional Gaussian distributions, we noticed that when the algorithm is applied
to real data sets (which have dimensions higher than two) theresults are still slightly
better when compared to the Gaussian mixture and to SL-AGLO.In the future we will
develop the dissimilarity increments distribution to a generalM -dimensional data set,
which should further improve these results.

6 Conclusions

We derived the probability density function for the dissimilarity increments under the
assumption that the clusters follow a 2-dimensional Gaussian distribution. We applied
this result by proposing a novel clustering approach based on that distribution. The ap-
plication example presented here used the Gaussian mixturealgorithm from Figueiredo
and Jain [1], however any Gaussian mixture decomposition could be used. We showed
that the proposed method is better or equally good when compared to the Gaussian
mixture or to another method based also on dissimilarity increments.



Table 1. Consistency values of the partitions found by the three algorithms. The values in paren-
thesis correspond to the number of clusters found by each algorithm. The first two columns cor-
respond to the number of patterns (N ) and the true number of clusters (Nc) of each data set.

N Nc GM GMDID SL-AGLO
Bars 400 2 0.4375 (12)0.9525 (2) 0.9050 (4)
d1 200 4 1.0000 (4) 1.0000 (4) 1.0000 (4)
Mixed Image 2739 8 0.4709 (20)1.0000 (8) 0.9743 (10)
R-2-new 500 4 0.2880 (29)0.7360 (8) 0.6160 (3)
Rings 450 3 0.2444 (27)1.0000 (3) 1.0000 (3)
Spiral 200 2 0.1400 (27)1.0000 (2) 1.0000 (2)
Breast Cancer683 2 0.5593 (5) 0.7467 (3) 0.5783 (24)
House Votes 232 2 0.8103 (2) 0.8103 (2) 0.6810 (4)
Iris 150 3 0.8000 (4) 0.6667 (2) 0.4800 (6)
Log yeast 384 5 0.3281 (10)0.3594 (4) 0.3229 (4)
Std yeast 384 5 0.4349 (2) 0.4349 (2) 0.5391 (7)

The proposed method has a condition that the data should consist of 2-dimensional
Gaussian clusters. However, we presented results for real data sets with dimension
higher than two and the algorithm performs reasonably well compared to others. In
future work we will extend the increment distribution to a generic dimensionM .
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1. Introduction

Clustering has been applied in several areas like machine learning, pattern

recognition, web mining, image segmentation, genetics, and biology [1, 2, 3].

The main goal of clustering is to arrange data objects in groups (clusters),

such that objects belonging to the same cluster are similar. It is a form of

unsupervised learning, since no information about the groups to which the

objects belong is known a priori. Two major clustering strategies have been

adopted in published methods: partitional and hierarchical [4, 1, 5]. Hier-

archical clustering techniques group objects with a sequence of nested parti-

tions, either from singleton clusters to a cluster including all data (agglom-

erative strategy) or in the opposite way (divisive strategy), while partitional

clustering techniques divide the data into clusters without the hierarchical

structure. For an overview of clustering techniques see [4, 1, 5, 6].

Partitional methods put each data point into exactly one cluster. Of-

ten, the user must set the number of clusters, k, beforehand, and k is usu-

ally small. On the other hand, the choice of k can be considered itself a

model selection problem [7] which is often non-trivial, especially for real-

world datasets. One important class of partitional methods is the one of

prototype-based methods, such as k-means [6] (with an associated minimum

squared error criterion; it is the simplest and most widespread clustering

algorithm), iterative self-organizing data analysis technique (ISODATA) [8],

k-medoids [3] and squared-error clustering [9], which can work very well for

compact and hyperspherical clusters. Another class of partitional methods is

the one of parametric density approaches, including methods that estimate

probability density functions from data, such as Gaussian mixture decompo-

2



sition algorithms [10, 11, 12].

Hierarchical methods produce a set of nested partitions in a hierarchi-

cal structure according to the proximity matrix; this structure is graphically

represented by a dendrogram. Agglomerative methods start by considering

each data point as one cluster, and each partition is obtained from the pre-

vious one by merging two clusters into a single cluster. Methods in this

class include single-link, complete-link, average-link, median-link, centroid-

link, weighted-link, Ward link [4], and more recent hierarchical algorithms

for handling large-scale datasets such as CURE [13], ROCK [14], Chameleon

[15] and BIRCH [16]. Divisive methods work in the opposite way: one starts

with a single cluster with all the objects and a divisive procedure is applied

repeatedly until all clusters are singletons. This class of methods is not very

used in practice due to its computational cost: for a cluster with N objects,

there are 2N−1 − 1 possible divisions [1]. A drawback of most classical hi-

erarchical techniques is the failure to identify clusters with arbitrary shapes

and sizes, and the tendency to form spherical structures in the data. Most of

the hierarchical methods are inspired in graph theory, such as single-link and

complete-link. However, graph theory can also be used in a different kind

of clustering algorithms: the clusters can be described in terms of weighted

graphs. CLICK [17] is an example of this kind of methods.

Most of the clustering techniques require, implicitly or explicitly, a sim-

ilarity measure between patterns, the choice of which is difficult to make if

one has no prior knowledge about cluster shapes or struture. Most cluster-

ing algorithms use pairwise distances between patterns, the most typical one

being the Euclidean distance. However, many other measures can be used,

3



such as the Mahalanobis distance [1, 5]. More recently, a new third order

dissimilarity measure has been proposed [18], the dissimilarity increments

(DIs), which are computed over triplets of nearest neighbor patterns. The

fact that this measure uses three data points at a time gives more informa-

tion about the patterns lying in the same cluster, since a smooth evolution of

the DIs should occur if the patterns are in the same cluster, and high values

should occur for patterns lying in different clusters [18].

Based on this new dissimilarity measure, a hierarchical clustering algo-

rithm has also been proposed in [18]. The statistical model proposed for the

DIs in each cluster, based on visual inspection, was the exponential distribu-

tion, with parameter equal to the inverse of the mean of the increments. In

this paper we theoretically derive the dissimilarity increments distribution

(DID) under some approximations, and empirically show that this new dis-

tribution is a better approximation to the empirical distribution of the DIs

than the exponential one.

The novel DID is derived under the hypothesis of local Gaussian gener-

ative models for the data in R
d, and is called d-DID. We particularize the

model for d = 2, hereafter referred as 2-DID; using two statistical distance

measures, we empirically show that 2-DID is a good approximation to d-

DID, and that both are better approximations of the true DID than the

exponential distribution. Using the 2-DID, we then construct a partitional

clustering algorithm consisting of a merge strategy, which iteratively accepts

or rejects the merging of two clusters based on this new distribution. In [19]

we proposed a likelihood ratio test as the merge criterion, which merges pairs

of clusters with a p-value less than a given significance level α. In this pa-
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per we propose a new parameter-free merge criterion based on the Minimum

Description Length principle.

This paper is structured as follows: Section 2 presents the derivation of

the DID for d-dimensional data (d-DID), and we write this distribution as a

function of a single parameter: the expected value of increments. In Section

3 we present the particular case of d = 2, and in Section 4 we show empirical

evidence that the new distribution derived here is a better approximation to

the empirical distribution than the one proposed in [18]. In Section 5 we show

how to use this DID in a clustering algorithm, proposing two merge crite-

ria: likelihood ratio test (LRT), presented in [19], and minimum description

length (MDL). We present, in Section 6, the performance of the proposed

algorithm on six synthetic datasets with different characteristics (Gaussian

clusters, non-Gaussian clusters, arbitrary shape clusters and densities) and

on eight real-world datasets from the UCI Machine Learning Repository and

20-Newsgroups. These results are compared with the initial Gaussian mix-

ture decomposition (GMD), the hierarchical clustering algorithm proposed in

[18] and with some traditional clustering algorithms (single-link, average-link,

complete-link, Ward-link and k-means), when the true number of clusters is

known. We also present a study of the proposed method when the number

of clusters is not known a priori. Discussion and conclusions are in Sections

7 and 8, respectively. In the Appendix, we present the derivation details for

the DID.

5



2. Dissimilarity Increments Distribution for d-dimensional Data

(d-DID)

Consider a set of patterns X. Given xi ∈ X and some dissimilarity mea-

sure between patterns, d(·, ·), let (xi,xj,xk) be a triplet of nearest neighbors,

obtained as follows: xj is the nearest neighbor of xi, and xk is the nearest

neighbor of xj different from xi. The dissimilarity increment (DI) [18] be-

tween these patterns is defined as

dinc(xi,xj,xk) = |d(xi,xj)− d(xj,xk)| . (1)

In the following subsections we will derive the probability density function

(PDF) for the DIs, using the Euclidean distance as the dissimilarity measure.

2.1. Derivation of the DID Model

Assume that X is a d-dimensional set of patterns (henceforth called a

cluster), and that its elements are independent and identically distributed

according to a multivariate Gaussian distribution, xi ∼ N (µ,Σ). With no

loss of generality, we assume that the mean of the distribution of the ele-

ments of X is µ = 0 and that its covariance matrix Σ is diagonal (this only

involves translation and rotation of the data set, which does not affect the

Euclidean distances). If x denotes a sample from this Gaussian, we define

the sphered data x∗ as having its i-th coordinate given by x∗
i ≡ xi/Σii (this

transformation is commonly called “whitening” or “sphering”); x∗
i thus fol-

lows the standard normal distribution, N (0, 1). It is clear that the difference

between samples from two univariate standard normal distributions follows

a normal distribution with covariance 2. It can be shown that the squared
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Euclidean distance, (D∗)2 =
∑d

i=1(z
∗
i )

2, where z∗i ≡ x∗
i−y∗i√

2
∼ N (0, 1), follows

a chi-square distribution with d degrees of freedom [20]. Therefore, the PDF

for (D∗)2 is given by:

p
(D∗)2

(x) =
2−d/2

Γ(d/2)
xd/2−1 exp

(

−x

2

)

, x ∈ [0,+∞[. (2)

Furthermore, after the sphering, the transformed data has circular sym-

metry in R
d. We define angular coordinates in a (d − 1)-sphere, with θi ∈

[0, π[, i = 1, . . . , d− 2 and θd−1 ∈ [0, 2π[. Define D ≡ x− y ≡ (b1, b2, . . . , bd),

where bi can be expressed in terms of polar coordinates as

b1 =
√

2Σ11 D
∗ cos θ1

bi =
√

2Σii D
∗

[

i−1
∏

k=1

sin θk

]

cos θi, i = 2, . . . , d− 1

bd =
√

2Σdd D
∗

[

d−1
∏

k=1

sin θk

]

.

The squared Euclidean distance in the original space is

D2 = 2

[

Σ11 cos
2 θ1 +

d−1
∑

i=2

Σii

(

i−1
∏

k=1

sin2 θk

)

cos2 θi + Σdd

(

d−1
∏

k=1

sin2 θk

)]

(D∗)2

≡ 2A(Θ)(D∗)2, (3)

where A(Θ), with Θ = (θ1, θ2, . . . , θd−1), is called the expansion factor. Nat-

urally, this expansion factor will depend on the angle vector Θ. In practice, it

is hard to properly deal with this dependence; therefore, we will use the ap-

proximation that the expansion factor is constant and equal to the expected

value of the true expansion factor over all angles Θ. This expected value,

which is given by

E[A(Θ)] =
π−d/2+1

2Γ(1 + d
2
)
η, (4)
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where η ≡ tr(Σ) (see Appendix A for the derivation).

Under this approximation, the transformation equation (3) from the nor-

malized space to the original space is given by

D2 =
π−d/2+1

Γ(1 + d/2)
η (D∗)2. (5)

From (2) and (5) one can obtain the PDF of D2, and from there one can

obtain the PDF of D = d(x,y) as

p
D
(w) = 2Gd(η)w

d−1 exp
(

−Cd(η)w
2
)

, w ∈ [0,+∞[, (6)

where we define Gd(η) ≡ dd/2Γ(d/2)d/2−12−dη−d/2πd/2(d/2−1) and Cd(η) ≡
dΓ(d/2)(4η)−1πd/2−1.

The dissimilarity increment is defined as the absolute value of the dif-

ference of two Euclidean distances. We have just derived the PDF of the

Euclidean distance between two patterns; therefore, the PDF of the DIs can

be shown to be

p
dinc

(w; η) =
Gd(η)

2

2d−5/2Cd(η)d−1/2
exp

(

−Cd(η)

2
w2

)

[

d−1
∑

k=0

2d−2−k
∑

i=0

(−1)i
(

d− 1

k

)

(

2d− 2− k

i

)

wk+i2k/2−i/2Cd(η)
k/2+i/2Γ

(

2d− 1− k − i

2
,
Cd(η)

2
w2

)]

,

(7)

where Γ(a, x) is the incomplete gamma function [21] (see Appendix B for

the derivation).

2.2. Empirical estimation

The DID in equation (7) requires explicit knowledge of the diagonal co-

variance matrix, Σ. In the following, we propose fitting the data model
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by rewriting the distribution as a function of the mean value of the DIs,

λ = E[w]. In other words, we will write η as a function of λ. This is given

by

η = λ2Q2
d

[

d−1
∑

k=0

2d−2−k
∑

i=0

(−1)i
(

d− 1

k

)(

2d− 2− k

i

)

2k

B 1
2

(

k + i

2
+ 1, d− k + i+ 1

2

)]−2

, (8)

where Qd ≡ 2d−7/2d1/2πd/4−1/2Γ(d/2)5/2Γ(d + 1/2)−1 and Bx(a, b) is the in-

complete beta function [21] (see Appendix C for details). Plugging (8) into

(7) we obtain an approximation, for the DID of a cluster, p
dinc

(w;λ), that

only depends on the mean of all increments in that cluster.

3. Dissimilarity Increments Distribution for 2-dimensional Data

(2-DID)

We now present the particular case d = 2. Consider a 2-dimensional set

of patterns in the same conditions as in Section 2. If we replace d = 2 in

equation (7), we get

p
dinc

(w; η) =
w

2η
exp

(

−w2

2η

)

+

√
π

2η3/2

(

η − w2

2

)

exp

(

−w2

4η

)

erfc

(

w

2
√
η

)

,

(9)

where erfc(·) is the complementary error function. The empirical estimation

based on the expected value of the increments is obtained by replacing d with

2 in equation (8), which gives

η =
4λ2

2πβ2
,
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with β ≡
(

2−
√
2
)

.

Replacing in (9) we obtain an approximation for the DID of a cluster that

only depends of the mean of all the increments in that cluster:

p
dinc

(w;λ) =
πβ2

4λ2
w exp

(

−πβ2

4λ2
w2

)

+
π2β3

8
√
2λ3

exp

(

−πβ2

8λ2
w2

)

×
(

4λ2

πβ2
− w2

)

erfc

( √
πβ

2
√
2λ

w

)

. (10)

4. DID Models and Data Fitting

In this section, our goal is to show that one can approximate the DID for

any dimension using the particular case d = 2. This is an important result,

because using 2-DID instead of d-DID saves considerable computation time

for large d values.

We will show this empirically, using simulated data. We generate datasets

with 2000 patterns in d dimensions, with d from 2 to 25. Without loss of

generality, the Gaussians are all centered in the origin and the covariance

matrices are diagonal, with elements randomly chosen between 0 and 1.

4.1. Cramér-von-Mises Criterion

The Cramér-von-Mises criterion [22] is a criterion used to determine how

well a cumulative distribution function F fits a given empirical cumulative

distribution function Fn. It is defined as

ω2 ≡
∫ ∞

−∞
[Fn(x)− F (x)]2 dF (x). (11)

Let x1, x2, . . . , xn be the empirically observed values, in nondecreasing order;

in [22] it is shown that

T ≡ nω2 =
1

12n
+

n
∑

i=1

[

2i− 1

2n
− F (xi)

]2

. (12)
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For common distributions, one should use tables of values of T calculated

for the distribution F . We do not know the tables for the d-DID or 2-DID dis-

tributions, so we will simply compare the values of T directly: smaller values

mean that the considered distribution is closer to the empirical distribution.

4.2. Jensen-Shannon Divergence

The Jensen-Shannon divergence [23] is a measure of the similarity between

two probability distributions P and Q. It is similar to the Kullback-Leibler

divergence but it is always finite, and is symmetric. It is defined as

JSD(P,Q) ≡ 1

2
DKL(P,M) +

1

2
DKL(Q,M), (13)

where M = 1
2
(P +Q) and DKL(P,M) =

∫

P (x) log P (x)
M(x)

dx is the Kullback-

Leibler divergence.

Two probability distributions are similar if the Jensen-Shannon diver-

gence has a small value. The higher the value, the more dissimilar the dis-

tributions are.

4.3. Best approximation to d-DID

The d-DID expression (7) is not only computationally heavy, but also

involves the computation of exponentials of very large numbers (of the order

of 1000 for d = 50), which are troublesome to handle numerically. In this

part of the paper we empirically show that 2-DID is a good approximation

to d-DID, and also that both distributions are a much better approximation

to the real distribution than the exponential distribution considered in [18].

Analysis of Fig. 1 (left) shows that, according to the Cramér-von-Mises

criterion, the DID distributions presented in this paper are a better fit to
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Figure 1: Empirical distribution comparison for Gaussian datasets with 2000 patterns in

d dimensions, with d ranging from 2 to 25. Left: Cramér-von-Mises test (T ) between

each theoretical distribution (Exponential, 2-DID and d-DID) and the empirical distribu-

tion. Right: Jensen-Shannon divergence (JSD) between pairs of theoretical distributions

(Exponential, 2-DID and d-DID).

the histogram of the real distribution than the exponential distribution – T

is better by approximately 102.5. Also, the 2-DID seems slightly better than

the d-DID, although we suspect, from our experiments, that this is due to

approximation errors that occur during the computation of the d-DID.

Figure 1 (right) compares pairs of distributions through the Jensen-Shannon

divergence. We can conclude that 2-DID and d-DID are very similar to each

other. This empirically shows that 2-DID is a good approximation to d-DID.

From now on we will always use 2-DID, and will only refer to it as DID,

because it is a very good approximation to d-DID, and is computationally

much more manageable.

4.4. Fitting DID to Non-Gaussian Data

Although the underlying hypothesis of the DID that we derived is that

the data comes from a cluster with a Gaussian distribution, the approximate

distribution in equation (10) only depends of the mean of the increments
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in that cluster. This allows us to use this distribution with non-Gaussian

clusters. Although this could result in poor fits, we now empirically show

that this does not happen for some common data distributions. We study

datasets generated from several continuous and discrete distributions, namely

Gaussian, Uniform, Exponential, Poisson, and Geometric distributions. For

all the datasets we generate 2000 points in 20 dimensions. In Fig. 2 we

see that the DID fits the histogram well for all the distributions that were

tested. In fact, the values of T are of the same order of magnitude for all

these distributions.

5. Clustering using the Dissimilarity Increments Distribution

In this section we propose a clustering algorithm based on the DID derived

above. The DID will be used to determine whether two clusters should

be merged into one cluster or not. To obey the underlying hypothesis of

the DID model, we will start from a partition of the data produced by a

Gaussian mixture decomposition (GMD), which we denote by P init. A major

problem in Gaussian mixture decompositions is the inability to detect clusters

of arbitrary shapes. We aim to surpass this problem by merging together

clusters using the DID model derived above. The decision to merge two

clusters will depend on the DID of each separate cluster and the DID of the

two clusters combined.

To decide in which order to compare pairs of clusters we sort the pairs

using the Mahalanobis distance [1] and test first clusters that are closer to

one another. This test is performed for all pairs of clusters, until all the

clusters that remain, when tested, are found not to be merged. The overall

13



Figure 2: Histograms (bar plots) and fitted dissimilarity increments distribution (solid line

curves) computed on several datasets of dimension 20. First row: (a) scatterplot of the

first two dimensions of a Gaussian distribution; (b) scatterplot of the first two dimensions

of a Uniform distribution; (c) scatterplot of the first two dimensions of an Exponential

distribution. Second row: corresponding histograms of dissimilarity increments and fit of

the DID. Third row: (d) scatterplot of the first two dimensions of a Poisson distribution;

(e) scatterplot of the first two dimensions of a Uniform distribution; (f) scatterplot of the

first two dimensions of a Geometric distribution. Fourth row: corresponding histograms

of dissimilarity increments and fit of the DID. Below each pair of figures, we also present

the corresponding value of the Cramér-von-Mises test (T ).
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procedure of this algorithm is summarized in Table 1.

Table 1: Schematic description of the clustering algorithm proposed (GMDID).

Algorithm: GMDID

Input: data with N samples

Output: data partition P = {C1, . . . , CK}, with K ≤ N

Initialization: P init = {C1, . . . , CN}, data partition produced by a GMD

Dij ← Mahalanobis distance between clusters i and j

for all pairs (i, j) in ascending order of Dij do

pi ← DID for cluster i, pj ← DID for cluster j (eq. 10)

pij ← DID for cluster produced merging clusters i and j (eq. 10)

if merge criterion is true then merge clusters i and j

end for

5.1. Merge Criterion

We consider two merge criteria: likelihood-ratio test (LRT) and mini-

mum description length (MDL). The first has a parameter consisting of a

significance level α; the second one does not have any parameters.

5.1.1. Likelihood-ratio test

We perform a likelihood ratio test (LRT) [24] consisting of the logarithm

of the ratio between the joint likelihood of two separate clusters (two DID

models) and the likelihood of the merged clusters (single DID model). This

LRT is approximated by a chi-square distribution with one degree of free-
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dom1. Therefore,

−2 log
(L(W |λ1, λ2)

L(W |λ12)

)

∼ χ2(1). (14)

Two clusters are merged if the p-value from the χ2(1) distribution is less

than a given significance level α. This significance level is a parameter to be

chosen according to some criterion; in this paper we will use the Graph-based

Dissimilarity Increments Distribution (G-DID) index, proposed by Fred and

Jain [25], to make the choice.

5.1.2. Minimum Description Length

This test consists of computing the minimum description length (MDL)

[26] of the separate clusters and the merged clusters. The MDL of a cluster

is defined as the sum of the length of the model description, according to

the DID hypothesis, and the cost of encoding our estimation of the DIDs.

Consider models M2 and M1 corresponding to two separate DID models (two

separate clusters) and one single DID model (merged clusters), respectively.

For k ∈ {1, 2}, the description length of each model Mk is given by

DLk
DID = −





k
∑

j=1

|Mk|
∑

i=1

log p
dinc

(wi;λj)



+
k

2
log |Mk|, (15)

where |Mk| is the total number of increments of model k. After this calcula-

tion, the MDL test is

Choose Mk : k = argmin
i
{DLi

DID}. (16)

Two clusters are merged if L1
DID is less than L2

DID.

1We have two parameters in the numerator – the expected value of the increments for

each of the two clusters separately – and one parameter in the denominator – the expected

value of the increments for the two clusters combined.
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6. Experimental Results

To obtain the initial data partition, according to the underlying hypoth-

esis of the DID proposed in this paper, one can use any Gaussian mix-

ture decomposition (GMD) algorithm. We used the algorithm proposed by

Figueiredo and Jain [10], which is an expectation-maximization (EM) algo-

rithm that finds the number of components using the MDL criterion. With

this GMD algorithm we get a partition of the data set with as many clusters

as Gaussian components.

6.1. Data

To test the performance of the proposed method, we used 14 datasets:

6 synthetic datasets, 5 real-world datasets from the UCI Machine Learn-

ing Repository2 and 3 datasets containing Usenet articles from different dis-

cussion groups, which were obtained from 20-Newsgroups3. The synthetic

datasets were chosen to take into account a wide variety of situations: well-

separated and touching clusters, Gaussian and non-Gaussian clusters, ar-

bitrary shapes and diverse cluster densities. These synthetic datasets are

shown in figure 3, and a summary of the real-world datasets is given in ta-

ble 2. Crabs, House-votes and Wine were normalized to have unit variance.

6.2. Known number of clusters

We start by comparing the performances of GMDID for different ini-

tializations and merge criteria. We then choose the best initialization and

2http://archive.ics.uci.edu/ml
3http://www.ai.mit.edu/people/jrennie/20Newsgroups/
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Figure 3: Synthetic datasets used in this paper.

merge criteria, and compare that version of GMDID (which we will denote

with GMDID∗) with k-means, typical hierarchical methods, and also with

the method SLAGLO [18] based on DIs.

One possible initialization for GMD is formed by M random points from

the dataset (we denote this as GMDrand). Another interesting possibility

is using the final partition given by k-means as part of the initialization of

the GMD (denoted by GMDinit). We use the k centroids of k-means as ini-

tial centroids for the GMD, and add additional randomly chosen centroids,

from the dataset, in a total of 50 initial centroids. However, the k-means

algorithm has a lot of variability due to random initialization: different ini-

tializations yield different final partitions. To initialize k-means itself, we use

the Variance Partitioning method proposed by Su and Dy [27], since, with
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Table 2: Real-world datasets with the corresponding number of patterns (Ns), number of

features (Nf) and number of clusters (Nc).

Data Ns Nf Nc Data Ns Nf Nc

Breast-cancer 683 9 2 Wine 178 13 3

Crabs 200 5 2 Diff-300 300 10 3

House-votes 232 16 2 Same-300 297 10 3

Iris 150 4 3 Sim-300 291 10 3

it, k-means results were comparable to the best run out of 20 with random

initializations. In table 3, we present the results produced by these initial-

izations. Note that although the true number of clusters is known, GMD

and GMDID algorithms can use that information only as a lower bound to

the number of clusters. Therefore, in Table 3 these algorithms sometimes

overestimate the number of clusters, but never underestimate it.

We assess the quality of each resulting partition P using the consistency

index (CI) [28], which is the percentage of agreement between P and the

ground truth information (also known as accuracy). Tables 3 and 4 summa-

rize the results for the case in which the true number of clusters is known.

From table 3, we see that the proposed method, using the MDL criterion

(GMDIDM), is the best, in synthetic datasets, when we use as initial partition

the GMDrand. The GMDinit as initial partition affects the results given by

the proposed method due to the fact that k-means is not well suitable to

situations in which the clusters have arbitrary shapes and densities, and

therefore the centroids are not correctly initialized. However, in the real-

world datasets GMDinit has good results in half of the datasets.

If we use the intrinsic criterion of the GMD [10] (which is MDL-based)
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Table 3: Consistency index (%) for several variants of GMD [10] and GMDID when the

true number of clusters is known. The values in parentheses correspond to the number

of clusters found by each algorithm. GMDrand is the Gaussian Mixture Decomposition

with random initialization and GMDinit uses k-means output as initialization; GMDID

is the proposed algorithm ((·)M means using MDL criterion and (·)L means using LRT

criterion). The best results for each dataset are shown in bold.

Nc GMDrand GMDIDrand
M

GMDIDrand
L

GMDinit GMDIDinit
M

GMDIDinit
L

d2 4 34.00 (13) 100 (4) 90.50 (5) 34.50 (13) 100 (4) 90.50 (5)

Mixed Image 2 8 34.10 (38) 100 (8) 99.19 (8) 41.00 (29) 99.86 (8) 99.05 (8)

Spiral 2 7.00 (45) 100 (2) 100 (2) 11.00 (36) 61.50 (5) 58.50 (4)

Circs 2 35.75 (14) 99.00 (2) 79.00 (3) 49.25 (12) 98.25 (3) 98.25 (2)

R-2-new 4 18.00 (41) 75.00 (6) 62.60 (8) 21.40 (34) 75.00 (5) 61.00 (8)

Spiral 2 2 21.33 (26) 71.33 (5) 24.33 (12) 13.67 (25) 77.00 (5) 23.67 (14)

Breast-cancer 2 45.10 (5) 75.11 (3) 75.11 (3) 68.23 (5) 79.65 (3) 74.96 (4)

Crabs 2 68.50 (3) 74.50 (2) 74.50 (2) 58.50 (2) 58.50 (2) 58.50 (2)

House-votes 2 87.07 (2) 87.07 (2) 87.07 (2) 89.22 (2) 89.22 (2) 89.22 (2)

Iris 3 71.33 (5) 98.00 (3) 98.00 (3) 76.00 (5) 96.00 (3) 96.00 (3)

Wine 3 39.89 (1) 39.89 (1) 39.89 (1) 96.63 (3) 96.63 (3) 96.63 (3)

Diff-300 3 90.67 (3) 90.67 (3) 90.67 (3) 73.67 (3) 73.67 (3) 73.67 (3)

Same-300 3 47.47 (2) 47.47 (2) 47.47 (2) 53.87 (3) 53.87 (3) 53.87 (3)

Sim-300 3 37.80 (2) 37.80 (2) 37.80 (2) 49.14 (3) 49.14 (3) 49.14 (3)

Average CI 45.57 78.27 71.87 52.58 79.16 73.07

to choose between these initial partitions, only in the Wine, Same-300 and

Sim-300 datasets, GMDinit is chosen; in all the remaining datasets GMDrand

is chosen. If we take a look at the results of GMDID corresponding to these

selections, we see that it has the best results, except for the Breast-cancer

and House-votes datasets. Thus, MDL could be a good criterion to choose

between fully random initialization and some other kind of initialization. In

table 4 we denote by GMDID∗ the GMDID method using the MDL criterion

to merge the components and the initial partition chosen using the intrinsic
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MDL criterion of the GMD [10]. This is almost always the best choice.

Table 4: Consistency index (%) for clustering algorithms when the true number of clus-

ters is known. The values in parentheses correspond to the number of clusters found by

each algorithm. GMDID∗ is GMDIDM with initial partition chosen by intrinsic MDL of

GMD [10]. Hierarchical clustering algorithms: SLAGLO as proposed in [18], single-link

(SL), average-link (AL), complete-link (CL), Ward-link (Ward). The best results for each

dataset are shown in bold.
Nc k-means GMDID∗ SLAGLO SL AL CL Ward

d2 4 60.50 (4) 100 (4) 100 (4) 100 61.50 61.50 51.00

Mixed Image 2 8 41.95 (8) 100 (8) 34.51 (32) 47.50 51.56 51.01 53.99

Spiral 2 55.00 (2) 100 (2) 100 (2) 100 52.00 52.00 52.00

Circs 2 72.75 (2) 99.00 (2) 100 (2) 100 61.50 71.00 69.75

R-2-new 4 46.60 (4) 75.00 (6) 65.00 (2) 58.80 34.00 36.80 43.40

Spiral 2 2 55.67 (2) 71.33 (5) 77.67 (2) 51.67 53.33 52.33 56.33

Breast-cancer 2 96.05 (2) 75.11 (3) 57.83 (24) 65.15 94.29 85.21 96.63

Crabs 2 54.00 (2) 74.50 (2) 50.00 (1) 50.50 51.50 52.00 55.50

House-votes 2 89.22 (2) 87.07 (2) 53.45 (5) 53.02 88.36 81.03 85.78

Iris 3 89.33 (3) 98.00 (3) 66.67 (2) 68.00 90.67 84.00 89.33

Wine 3 96.63 (3) 96.63 (3) 56.18 (5) 37.64 38.76 83.71 92.70

Diff-300 3 58.67 (3) 90.67 (3) 40.33 (3) 35.67 36.67 36.67 66.00

Same-300 3 54.21 (3) 53.87 (3) 35.35 (2) 35.02 33.67 36.70 38.05

Sim-300 3 42.96 (3) 49.14 (3) 38.49 (7) 34.36 34.36 34.36 35.05

Average CI 62.25 83.59 62.53 59.81 55.87 58.45 63.25

The hierarchical methods and k-means require the user to input the num-

ber of clusters. SLAGLO finds the number of clusters automatically. How-

ever, it has a cluster isolation parameter4. We use the Graph-based Dissim-

ilarity Increments Distribution (G-DID) index [25] to choose the isolation

parameter, with values ranging from the mean of the exponential distribu-

4Which is a threshold set on the tail of the exponential distribution of the DIs of a

cluster (with parameter the inverse of the mean of the increments of that cluster) [18].
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tion to 10 times this mean.

In table 4, we see that SLAGLO outperforms the remaining hierarchi-

cal clustering algorithms in most synthetic datasets. However, GMDID∗

yields better results except in the Circs and Spiral 2 datasets. For real-world

datasets, the Ward link could be a good choice within the hierarchical cluster-

ing algorithms, but if we compare to the partitional algorithms (k-means and

GMDID∗), we see that the Ward link is the best method only for the Breast-

cancer dataset. For the remaining real-world datasets, k-means or GMDID∗

are a better choice. k-means yields poor results in the synthetic datasets. In

some real-world datasets, the clusters are compact and hyperspherical (like

Breast-cancer), and k-means works very well. In other datasets, the clusters

are Gaussian (as in Iris) and GMDID∗ works quite well.

6.3. Unknown number of clusters

In this section we assume that no a priori information about the number

of clusters is available. Therefore, we run GMDID using as initial partition

the GMD with fully random initialization. Also, we run k-means initialized

with Variance Partitioning [27], but with several values of k. The choice of

the best partition was made using G-DID [25] and that partition was used

as initial partition for the proposed method; this approach is called KMDID.

Again, we assess the quality of each resulting partition using the consis-

tency index. The results are shown in table 5.

Again, GMDIDM is the best method for the synthetic datasets when

the initial partition is given by GMD. KMDID has poor results in synthetic

datasets and in most of the real-world datasets.

If we compare the results for GMDID when the true number of clusters
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Table 5: Consistency index (%) for partitional clustering algorithms when the true number

of clusters is unknown. The values in parentheses correspond to the number of clusters

found by each algorithm. KM is k-means run for several values of k and choosen according

to the G-DID [25]; GMD is Gaussian Mixture Decomposition [10] with random initializa-

tion; KMDID and GMDID are the proposed algorithm ((·)M means using MDL criterion

and (·)L means using LRT criterion). The best results for each dataset are shown in bold.

Nc KM KMDIDM KMDIDL GMD GMDIDM GMDIDL

d2 4 44.50 (2) 58.00 (1) 44.50 (2) 34.00 (13) 100 (4) 90.50 (5)

Mixed Image 2 8 46.41 (7) 45.87 (6) 45.87 (6) 34.10 (38) 100 (8) 99.19 (8)

Spiral 2 55.00 (2) 55.00 (2) 55.00 (2) 7.00 (45) 100 (2) 100 (2)

Circs 2 57.25 (11) 100 (2) 100 (2) 35.75 (14) 99.00 (2) 79.00 (3)

R-2-new 4 34.40 (12) 75.20 (4) 75.20 (4) 18.00 (41) 75.00 (6) 62.60 (8)

Spiral 2 2 55.67 (2) 50.00 (1) 50.00 (1) 21.33 (26) 71.33 (5) 24.33 (12)

Breast-cancer 2 96.05 (2) 65.01 (1) 65.01 (1) 45.10 (5) 75.11 (3) 75.11 (3)

Crabs 2 54.00 (2) 54.00 (2) 54.00 (2) 68.50 (3) 50.00 (1) 50.00 (1)

House-votes 2 75.43 (3) 75.43 (3) 75.43 (3) 87.07 (2) 87.07 (2) 87.07 (2)

Iris 3 89.33 (3) 66.67 (2) 66.67 (2) 71.33 (5) 66.67 (2) 66.67 (2)

Wine 3 60.11 (2) 39.89 (1) 60.11 (2) 39.89 (1) 39.89 (1) 39.89 (1)

Diff-300 3 58.33 (2) 33.33 (1) 33.33 (1) 90.67 (3) 62.33 (2) 62.33 (2)

Same-300 3 35.35 (2) 35.35 (2) 35.35 (2) 47.47 (2) 47.47 (2) 47.47 (2)

Sim-300 3 47.42 (9) 37.80 (3) 37.80 (3) 37.80 (2) 37.80 (2) 37.80 (2)

Average CI 57.80 56.54 57.02 45.57 72.26 65.85

is available (GMDID∗ from table 4) and when it is not available (GMDIDM

from table 5), we see that the results are similar except for the Crabs, Iris

and Diff-300 datasets. This suggests that those datasets may have the same

DID for different clusters and, consequently, the method incorrectly merges

them. On the other hand, this is a strong indication that GMDID can deal

well with situations where the true number of clusters is not known.
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7. Discussion

Partitional clustering algorithms, like k-means and GMD, have a major

problem in identifying clusters with arbitrary shapes; moreover, k-means also

has problems in detecting non-compact clusters. The method proposed here

is able to surpass some of these shortcomings. However, it depends on an

initial partition, which we have generated by GMD or by k-means.

From our experiments we noticed that the initialization of GMD affects

the final results (see Table 3). We initialize the GMD in two ways: (i)

randomly choose the initial centroids from the dataset, and (ii) use k-means

to initialize the centroids. In some datasets, the results of the proposed

method (especially, GMDIDM) are independent of the initialization, as in d2

and in R-2-new. But most of the synthetic datasets have better results when

GMD is initialized randomly, and most of the real-world datasets have better

results when the k-means initialization is given. If no information about the

number of clusters is available, we use two different initial partitions. Again,

the results are better, in general, if we use GMD instead of KM. However,

KMDIDM and KMDIDL present good results in some real-world datasets.

Another problem caused by the random initial partition occurs when the

initial number of components is already less than the true number of clusters;

for example, in the Wine dataset, the GMDrand only found a single compo-

nent (see table 3). In these cases, the proposed method is not applicable,

since there is nothing to merge. Also, if the proposed method finds less clus-

ters than the true number of clusters (for example, Crabs, Iris and Diff-300

in the last two columns of Table 5), it might mean that the clusters have the

same DID, which results in the merging of those clusters.
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One way to surpass the difficulties caused by the initialization of the GMD

and by the lack of structure in the increments, is to find a good initialization

of the GMD and/or to introduce a split strategy. We are still working on

these possibilities. GMDinit is a reasonable initialization method, but the

results show that it still needs to be improved.

8. Conclusions

We have derived a statistical model of dissimilarity increments for high-

dimensional data (d-DID) and have particularized the model for d = 2

(2-DID). We empirically compared these two distributions with a previous

model considered in [18] (exponential distribution) using two statistical dis-

tance measures: Cramér-von-Mises criterion and Jensen-Shannon divergence.

Empirical evidence showed that d-DID and 2-DID are a better approxima-

tion to the empirical distribution than the exponential distribution and that

2-DID is a good approximation to d-DID, while being simpler to compute.

In [19] we proposed the use of this distribution in a novel clustering al-

gorithm: the starting point is a partition given by a Gaussian mixture de-

composition and the decision of merging components is based on a likelihood

ratio test between the statistical model for the combined components and

the statistical model for the separate components. In this paper we propose

another merge criterion based on the minimum description length.

Experimental results show that the proposed algorithm depends on the

initial partition: if the algorithm used to build the initial partition produces

single clusters which in reality should be two separate clusters, our algorithm

cannot undo this. However, the proposed clustering algorithm improves the
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results and in most of the datasets is better than other clustering algorithms,

when the true number of clusters is known. If no information about the true

number of clusters is available, the proposed method can detect, in most

cases, the true number.

Our results also show that one can choose among multiple initializations

easily and reliably using a simple MDL criterion, and that the proposed

method, using this choice, yields excellent results on both synthetic and real-

world datasets.
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Appendix A. Expected value of the expansion factor

In this appendix, we will derive, under some approximations, equation (4).

We want to compute

E[A(Θ)] =

∫

Sd−1

[

d−2
∏

i=1

p
θi
(θi)

]

p
θd−1

(θd−1)A(Θ) dSd−1V,

where Θ is the vector of angular coordinates of a point in the (d− 1)-sphere

and A(Θ) is defined in equation (3). Therefore, the volume element in this

sphere is dSd−1V =
(

∏d−2
i=1 sin

d−(i+1) θi

)

dθ1 . . . dθd−1. Since we sphered the

data, we can assume for simplicity that θi ∼ Unif([0, π[) for i = 1, . . . , d −
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2 and that θd−1 ∼ Unif([0, 2π[); then p
θi
(θi) = 1

π
and p

θd−1
(θd−1) = 1

2π
.

Therefore,

E[A(Θ)] =
1

2πd−1

∫ 2π

0

∫ π

0

· · ·
∫ π

0

[

Σ11 cos
2 θ1 +

d−1
∑

i=2

Σi,i

(

i−1
∏

k=1

sin2 θk

)

cos2 θi

+ Σdd

(

d−1
∏

k=1

sin2 θk

)](

d−2
∏

i=1

sind−(i+1) θi

)

dθ1 dθ2 . . . dθd−2 dθd−1

We shall decompose the expression within the square brackets into its d

additive terms, and solve the multiple integral, separately, for each term.

We will use the following results, for k ∈ N,

∫ π

0

cos2(x) sink(x) dx =

√
π Γ(1+k

2
)

2 Γ(2 + k
2
)

and

∫ π

0

sink(x) dx =

√
π Γ(1+k

2
)

Γ(1 + k
2
)
,

(A.1)

and

M
∏

k=1

√
π Γ(1+k

2
)

Γ(1 + k
2
)

=
πM/2

Γ(1 + M
2
)

and
d
∏

k=M

√
π Γ(1+k

2
)

Γ(1 + k
2
)

=
π

d−M+1
2 Γ(M+1

2
)

Γ(1 + d
2
)

.

(A.2)

We start with the first term of the sum (corresponding to Σ11), then we

will proceed with Σjj with j = 2, . . . , d − 1, finalizing with the last term of

the sum, corresponding to Σdd.

From (A.1) and (A.2),

∫ 2π

0

dθd−1

∫ π

0

sin θd−2dθd−2 · · ·
∫ π

0

sind−j−1 θjdθj · · ·
∫ π

0

Σ11 cos
2 θ1 sin

d−2 θ1dθ1

= Σ11 2π

(

d−3
∏

k=1

√
π Γ(1+k

2
)

Γ(1 + k
2
)

) √
π Γ(d−1

2
)

2 Γ(2 + d−2
2
)
= Σ11

πd/2

Γ(1 + d
2
)
;
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∫ 2π

0

dθd−1

∫ π

0

sin θd−2dθd−2 · · ·
∫ π

0

sind−j−2 θj+1dθj+1

∫ π

0

Σjj cos
2 θj sin

d−j−1 θjdθj

∫ π

0

sind−j+2 θj−1dθj−1 · · ·
∫ π

0

sind θ1dθ1

= Σjj 2π

(

d−j−2
∏

k=1

√
π Γ(1+k

2
)

Γ(1 + k
2
)

) √
π Γ(d−2

2
)

2 Γ(2 + d−3
2
)

(

d
∏

k=d−j+2

√
π Γ(1+k

2
)

Γ(1 + k
2
)

)

= Σjj
πd/2

Γ(1 + d
2
)
,

with j = 2, . . . , d− 1.

Σdd

∫ 2π

0

sin2 θd−1dθd−1

∫ π

0

sin3 θd−2dθd−2 · · ·
∫ π

0

sind−j+1 θjdθj · · ·
∫ π

0

sind θ1dθ1

= Σdd π

(

d
∏

k=3

√
π Γ(1+k

2
)

Γ(1 + k
2
)

)

= Σdd
πd/2

Γ(1 + d
2
)

If we add all the previous results, we get

E[A(Θ)] =
1

2πd−1

πd/2

Γ(1 + d
2
)
tr(Σ) =

π−d/2+1

2Γ(1 + d
2
)
tr(Σ)

Appendix B. Probability Density Function of DIs

Define D1 = d(x,y) and D2 = d(y, z), which follow the distribution in

equation (6). The PDF of W = D1 −D2 is given by the convolution

p
W
(w) =

∫ ∞

−∞
(2Gd(η))

2 (t(t+ w))d−1 exp
(

−Cd(η)
[

t2 + (t+ w)2
])

1{t≥0}1{t+w≥0} dt. (B.1)

with η ≡ tr(Σ), Gd(η) ≡ dd/2Γ(d/2)d/2−12−dη−d/2πd/2(d/2−1) and Cd(η) ≡
dΓ(d/2)(4η)−1πd/2−1. We need to consider two cases: w ≥ 0 and w < 0.
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Case 1 (w ≥ 0): In this case the integral we need to solve is

p
W
(w) =

∫ ∞

0

(2Gd(η))
2 (t(t+w))d−1 exp

(

−Cd(η)
[

t2 + (t+ w)2
])

dt. (B.2)

If we use the binomial formula to decompose [t(t+w)]d−1 and replace in

equation (B.2), we get

p
W
(w) = 4Gd(η)

2

∫ ∞

0

d−1
∑

k=0

(

d− 1

k

)

t2d−2−kwk exp
(

−Cd(η)
[

t2 + (t+ w)2
])

dt

= (2Gd(η))
2

[

d−1
∑

k=0

(

d− 1

k

)

wk

∫ ∞

0

t2d−2−k exp
(

−Cd(η)w
2/2
)

exp

(

−Cd(η)
(√

2t+ w/
√
2
)2
)

dt

]

.

Define u ≡
√
2t+ w/

√
2. With the new variable, the integration interval

is
[

w/
√
2,+∞

[

, and dt
du

= 1/
√
2. Now, the integral can be written as

p
W
(w) = (2Gd(η))

2

[

d−1
∑

k=0

(

d− 1

k

)

wk

√
2

exp
(

−Cd(η)w
2/2
)

∫ ∞

w/
√
2

(

u√
2
− w

2

)2d−2−k

exp
(

−Cd(η)u
2
)

du

]

.

Using, again, the binomial formula to decompose
(

u/
√
2− w/2

)2d−2−k

and substituting in the previous integral, we get

p
W
(w) = (2Gd(η))

2

[

d−1
∑

k=0

(

d− 1

k

)

wk

√
2

exp
(

−Cd(η)w
2/2
)

[

2d−2−k
∑

i=0

(−1)iwi

(

2d− 2− k

i

)

2−d+k/2−i/2+1

∫ ∞

w/
√
2

u2d−2−k−i exp
(

−Cd(η)u
2
)

du

]]

.

If we perform a new change of variables, x = u2, the integration interval

with the new variable is [w2/2,∞) and du
dx

= x−1/2/2. The integral can be
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written as

p
W
(w) = (2Gd(η))

2

[

d−1
∑

k=0

(

d− 1

k

)

wk

√
2

exp
(

−Cd(η)w
2/2
)

[

2d−2−k
∑

i=0

(−1)iwi

(

2d− 2− k

i

)

2−d+k/2−i/2

∫ ∞

w2/2

xd−3/2−k/2−i/2 exp (−Cd(η)x) dx

]]

.

Furthermore, the upper incomplete gamma function is Γ(a, x) =
∫∞
x

ta−1e−tdt

and it is easy to prove that Γ(a, bx)/ba =
∫∞
x

ta−1e−btdt. Thus,

p
W
(w) = (2Gd(η))

2

[

d−1
∑

k=0

(

d− 1

k

)

wk

√
2

exp
(

−Cd(η)w
2/2
)

[

2d−2−k
∑

i=0

(−1)iwi

(

2d− 2− k

i

)

2−d+k/2−i/2Γ (d− 1/2− k/2− i/2, Cd(η)w
2/2)

Cd(η)d−1/2−k/2−i/2

]]

.

Case 2 (w < 0): In this case, equation (B.1) is given by

p
W
(w) =

∫ ∞

−w

(2Gd(η))
2 (t(t+ w))d−1 exp

(

−Cd(η)
[

t2 + (t+ w)2
])

dt.

To solve the previous integral we use ideas analogous to the case w ≥ 0.

We get, for w < 0,

p
W
(w) = (2Gd(η))

2

[

d−1
∑

k=0

(

d− 1

k

)

(−w)k√
2

exp
(

−Cd(η)w
2/2
)

[

2d−2−k
∑

i=0

(−1)i

(−w)i
(

2d− 2− k

i

)

2−d+k/2−i/2Γ (d− 1/2− k/2− i/2, Cd(η)w
2/2)

Cd(η)d−1/2−k/2−i/2

]]

.

Both W = w and W = −w yield the same value for |W |, and therefore

the PDF for |W | obeys p
|W |

(w) = p
W
(w) + p

W
(−w) = 2p

W
(w). This yields

the PDF of the DIs is given by equation (7), after some simplifications.
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Appendix C. Expected Value of the DIs

In this appendix we will derive the expected value of the DIs and obtain

expression (8). The expected value is given by

E[w] =
Gd(η)

1/d

2d−5/2Γ(d/2)2−1/d

[

d−1
∑

k=0

2d−2−k
∑

i=0

(−1)i
(

d− 1

k

)(

2d− 2− k

i

)

2k/2−i/2

Cd(η)
k/2+i/2

∫ ∞

0

wk+i+1 exp

(

−Cd(η)

2
w2

)

Γ

(

2d− 1− k − i

2
,
Cd(η)

2
w2

)]

dw.

We will use the following result [21]
∫ ∞

0

xa−1e−sx Γ(b, x) dx =
Γ(a+ b)

a(1 + s)a+b
F

(

1, a+ b; 1 + a;
s

1 + s

)

,

with Re(s) > −1, Re(a+ b) > 0, Re(a) > 0 (C.1)

where F (a, b; c; z) is the hypergeometric function.

Making the change of variables x = Cd(η)
2

w2, i.e., w =
√
2Cd(η)

−1/2x1/2,

the new integration interval is [0,∞) and dw
dx

= (2Cd(η))
−1/2x−1/2. The

integral can be written as
∫ ∞

0

2k/2+i/2Cd(η)
−k/2−i/2−1 xk/2+i/2 e−x Γ

(

2d− k − i− 1

2
, x

)

dx.

Since 0 ≤ k ≤ d− 1, 0 ≤ i ≤ 2d− k − 2 and d ≥ 2, we have s = 1 > −1,
a = k/2 + i/2 + 1 > 0 and a + b = d + 1/2 > 0, which means we are in the

conditions of equation (C.1). So the integral is given by

2k/2+i/2

Cd(η)k/2+i/2+1

Γ(d+ 1/2)

(k/2 + i/2 + 1)2d+1/2
F

(

1, d+ 1/2; k/2 + i/2 + 2;
1

2

)

.

We use Euler’s transformation formula [21], F (a, b; c; z) = (1−z)c−a−b F (c−
a, c− b; c; z). The previous equation becomes (after some simplifications)

1

2Cd(η)k/2+i/2+1

Γ(d+ 1/2)

k/2 + i/2 + 1
F

(

k + i

2
+ 1,

k + i+ 3

2
− d;

k + i

2
+ 2;

1

2

)

.
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Also, the incomplete beta function is related to the hypergeometric func-

tion by Bz(p, q) =
zp

p
F (p, 1 − q; p + 1; z), for p > 0, q > 0 and 0 ≤ z ≤ 1

[21]. So, we can write

2k/2+i/2

Cd(η)k/2+i/2+1
Γ(d+ 1/2)B 1

2

(

k + i

2
+ 1, d− k + i+ 1

2

)

.

Therefore,

E[w] =
Gd(η)

2

2d−5/2Cd(η)d+1/2

[

d−1
∑

k=0

2d−2−k
∑

i=0

(−1)i
(

d− 1

k

)(

2d− 2− k

i

)

2k

Γ(d+ 1/2)B 1
2

(

k + i

2
+ 1, d− k + i+ 1

2

)]

= η1/2Q−1
d

[

d−1
∑

k=0

2d−2−k
∑

i=0

(−1)i
(

d− 1

k

)(

2d− 2− k

i

)

2k

B 1
2

(

k + i

2
+ 1, d− k + i+ 1

2

)]

,

with Qd ≡ 2d−7/2d1/2πd/4−1/2Γ(d/2)5/2Γ(d+ 1/2)−1.
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Hierarchical Clustering with High Order Dissimilarities

Helena Aidos and Ana Fred
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Abstract. This paper proposes a novel hierarchical clustering algorithm based
on high order dissimilarities. Thesedissimilarity increments are measures com-
puted over triplets of nearest neighbor points. Recently, the distribution ofthese
dissimilarity increments was derived analytically. We propose to incorporate this
distribution in a hierarchical clustering algorithm to decide whether two clus-
ters should be merged or not. The proposed algorithm is parameter-free and can
identify classes as the union of clusters following the dissimilarity increments
distribution. Experimental results show that the proposed algorithm has excel-
lent performance over well separated clusters, also providing a goodhierarchical
structure insight into touching clusters.

Keywords: dissimilarity increments, minimum description length, hierarchical
clustering, single-link

1 Introduction

Clustering is used in various application areas, such as exploratory data analysis and
data mining [7]. It is also known as unsupervised classification of patterns into groups
(clusters). The aim is to find a data partition such that intra-cluster similarities are higher
than inter-cluster similarities. Clustering can be performed through partitional or hier-
archical approaches, and can use many different ways to measure the (dis)similarity of
patterns [7, 9].

In the first of these two approaches, partitional methods, one assigns each data pat-
tern to exactly one cluster; the number of clusters,K, is typically small and set before-
hand as a design parameter. Otherwise, the choice ofK may itself be addressed auto-
matically, as a model selection problem. The most widespread partitional algorithm is
also the most simple:K-means, using a centroid as cluster representative, minimizes
a mean-square error criterion based on the Euclidean distance as measure of pairwise
dissimilarity [9]. Also, algorithms which estimate probability density functions from
the data, such as Gaussian mixture decomposition algorithms [2, 10], can also be used
as clustering techniques.

The other class of clustering approaches, hierarchical methods, yields a set of nested
partitions which is graphically shown as a dendrogram [6]. Adata partition can be ob-
tained by cutting the dendrogram at an appropriate level. A further subdivision of hier-
archical methods is agglomerative and divisive algorithms[9]. Agglomerative methods
start with a very high number of clusters (often equal to the number of data points, such
that each point is one cluster), and produce a sequence of partitions with decreasing



number of clusters. Two widely used agglomerative methods are the single-link and the
complete-link algorithms [7]. Divisive approaches are theopposite: they start with a
very low number of clusters (often just one containing all the data points), and produce
a sequence of partitions with increasing number of clusters. Divisive methods are less
common than agglomerative ones.

Usually, clustering algorithms use a (dis)similarity measure between pairs of pat-
terns, which is difficult to choose since one has no prior knowledge about cluster shapes
in the data. The most typical dissimilarity measure is simply the Euclidean distance be-
tween two points, but many other measures can be used [9]. Fred and Leit̃ao proposed
recently [4] a new high order dissimilarity measure calleddissimilarity increments,
which is computed over triplets of nearest neighbor patterns. The fact that this measure
uses three data points at a time, instead of two, gives more information about patterns
belonging to the same cluster, since dissimilarity increments change smoothly if the
patterns are in the same cluster and high values of increments correspond to patterns ly-
ing in different clusters [4]. In that paper, Fred and Leitão also proposed a hierarchical
clustering algorithm based on dissimilarity increments.

Recently, the probability distribution for dissimilarityincrements of a Gaussian
cluster was derived analytically under mild approximations [1]. That distribution was
used to create a partitional clustering algorithm, which used a Gaussian mixture de-
composition as initialization. Using this initializationpresents some problems, such as
the tendency to capture more than one cluster into one Gaussian component if they are
located near each other, even if they are separable.

In this paper, we propose a novel agglomerative hierarchical clustering algorithm to
surpass the limitation mentioned above. The decision of which clusters to join is based
on the dissimilarity increments distribution (DID) mentioned in the previous paragraph.
This algorithm has the advantage of having no parameters. Furthermore, we define a
class as the union of several clusters, where each cluster follows the DID. This definition
of class (as opposed to defining each cluster as one class) allows the algorithm proposed
in this paper to identify clusters belonging to the same class. We apply this algorithm
to 8 synthetic data sets and 4 real data sets and compare it to other algorithms based on
dissimilarity increments, as well as to some well-known clustering algorithms.

This paper is structured as follows: Section 2 defines dissimillarity increments and
explains briefly the derivation of the dissimilarity increments distribution (DID). In Sec-
tion 3, we propose the incorporation of the DID in a hierarchical approach and explain
the differences between this new approach and the typical hierarchical algorithms like
single-link. We present, in Section 4, the results of the proposed algorithm for 8 syn-
thetic data sets with different characteristics and 4 real data sets from the UCI Machine
Learning Repository. These results are compared with othertwo algorithms based on
dissimilarity increments [1, 4] and with two more convencional hierarchical clustering
algorithms: single-link and average-link. Conclusions are drawn in Section 5.



2 Dissimilarity Increments

Consider a set of patternsX, and letxi represent an element in this set. The inter-pattern
relationships can be measured by some dissimilarity measure,d(·, ·), which can be, for
instance, the Euclidean distance if the patterns are represented in a feature space.

Let (xi,xj ,xk) be the triplet of nearest neighbors belonging to the setX, wherexj

is the nearest neighbor ofxi andxk is the nearest neighbor ofxj different fromxi. The
dissimilarity increment [4] between the neighboring patterns is defined as

dinc(xi,xj ,xk) = |d(xi,xj)− d(xj ,xk)| . (1)

The use of this measure gives different information than theuse of pairwise dis-
tances. Since a cluster is a set of patterns sharing some characteristics, the dissimilarity
increments between neighboring patterns should not occur with abrupt changes and the
dissimilarity increments between well separated clusterswill have higher values.

A related concept which we will use is thegap between two clusters. The gap of
clusterCi with respect to clusterCj is defined exactly by the same equation above,
but with a particular triplet of points:xi andxj are the closest pair of points such that
xi ∈ Ci andxj ∈ Cj , andxk is the nearest neighbor ofxi within Ci.

2.1 Dissimilarity Increments Distribution

Recently, Aidos and Fred [1] have derived the dissimilarityincrements distribution
(DID) under the hypothesis of Gaussian distribution for each cluster. We now briefly
explain how to proceed to obtain the DID and show empirical evidence that this DID
can be applied to higher-dimensional data sets with variouscluster densities.

Assume thatX ∈ R
2, and that elements ofX are independent and identically dis-

tributed, drawn from a normal distribution,xi ∼ N (µ, Σ), with mean vectorµ and
covariance matrixΣ. In this paper, the Euclidean distance is used as the dissimilarity
measure, and with no loss of generality, we can assume thatµ is zero andΣ is a diag-
onal matrix (this corresponds to a rotation and a translation of the data, which does not
affect the Euclidean distances).

The square Euclidean distance in a sphered gaussian space isgiven by

(D∗)2 =
2
∑

i=1

(xi − yi)
2

2Σii
(2)

and follows a chi-square distribution with 2 degrees of freedom, which is equivalent
to an exponential distribution with parameter 1/2 [8]. To define the square Euclidean
distance in the original space we need to do a transformationdefined as (see [1] for
details)

D2 = tr(Σ)(D∗)2, (3)

and the probability density function ofD = d(x,y) is

p
D
(z) =

z

tr(Σ)
exp

(

− z2

2 tr(Σ)

)

, z ∈ [0,∞). (4)



The probability density function for the dissimilarity increments is obtained as a
convolution betweend(x,y) andd(y, z), and is given by

p
dinc

(w;Σ) =
w

2 tr(Σ)
exp

(

− w2

2 tr(Σ)

)

+

√
π

4 (tr(Σ))
3/2

(

2 tr(Σ)− w2
)

×

× exp

(

− w2

4 tr(Σ)

)

erfc

(

w

2
√

tr(Σ)

)

, (5)

whereerfc(·) is the complementary error function.
The DID in equation (5) requires explicit knowledge of the covariance matrix,Σ,

in the original gaussian space. Thus, Aidos and Fred [1] proposed that the distribution
is rewritten as a function of the mean value of the dissimilarity increments,λ = E[w],

which is given byλ =
√
2π
2

(

2−
√
2
)2

tr(Σ)1/2. Therefore, we obtain an approxima-
tion for the dissimilarity increments distribution of a cluster that only depends of the
mean of all the increments in that cluster:

p
dinc

(w;λ) =
π
(

2−
√
2
)2

4λ2
w exp

(

−π
(

2−
√
2
)2

4λ2
w2

)

+
π2
(

2−
√
2
)3

8
√
2λ3

×

×
(

4λ2

π
(

2−
√
2
)2 − w2

)

exp

(

−π
(

2−
√
2
)2

8λ2
w2

)

erfc

(√
π
(

2−
√
2
)

2
√
2λ

w

)

.

(6)

Although the underlying hypothesis of this distribuition is that the data comes from
a cluster with a gaussian distribution, the distribution inequation (6) only depends of
the mean of all the increments in that cluster. This means that we no longer need to have
a gaussian cluster to use this distribution. In figure 1 we show this fact by presenting
several data sets generated from several continuous and discrete distributions. For all the
data sets we generate 2000 points in 50 dimensions. In all thedistributions presented
we see that the DID fits the histogram well.

3 Hierarchical Clustering Algorithm

3.1 Algorithm

The DID proposed in section 2.1 was used in [1] to create a partitional clustering algor-
tihm, where the starting point was a gaussian mixture proposed by Figueiredo and Jain
[2]. However, the gaussian mixture decomposition has some difficulties in identifying
arbitrarily shaped clusters. Worse still is the fact, if this initial step is done wrongly, a
gaussian component can overlap two or more classes in a way itis impossible for that
algorithm to separate the classes correctly [1].

We propose an agglomerative hierarchical strategy to overcome the difficulties caused
by the gaussian mixture decomposition. Recall that agglomerative methods start with
a very high number of clusters and progressively join pairs of clusters. In our case, we
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Fig. 1: Histograms (bar plots) and fitted dissimilarity increments distribution (solid line
curves) computed over neighboring patterns.First row: (a) scatterplot of the first two
dimensions of a Gaussian distribution; (b) scatterplot of the first two dimensions of an
Uniform distribution; (c) scatterplot of the first two dimensions of an Exponential distri-
bution.Second row: corresponding histograms of dissimilarity increments andfit of the
DID. Third row: (d) scatterplot of the first two dimensions of a Poisson distribution; (e)
scatterplot of the first two dimensions of an Uniform distribution; (f) scatterplot of the
first two dimensions of a Geometric distribution.Fourth row: corresponding histograms
of dissimilarity increments and fit of the DID.



will start with each point as a separate cluster (just like the single-link algorithm), and
will decide whether to merge two clusters or not through one of the following four tests.

We automatically merge clusters if both of them have less than 6 points. We use a
minimum of 6 points because we believe that it is the minimum number of points that
allows us to compute a rough estimate of the DID. Therefore, when comparing clusters
which both have less than 6 points, our algorithm behaves exactly like single-link.

If one of the clusters (Ci) has less than 6 points and one (Cj) has 6 or more points,
we check whether the increments ofCi fall in the tail of the DID ofCj . More precisely,
if the mean of the increments ofCi is smaller than 7 times the mean of the increments
of Cj , we merge the two clusters. If it is larger, we keep them separate.

If both clusters have 6 or more points, we use a test similar tothe algorithm proposed
in [4]. If the gap of clusterCi with respect to clusterCj belongs to the tail of the DID
of clusterCi, we “freeze”Ci, which means that it is no longer tested with any other
cluster. We do the same test forCj relative toCi. If none of the two clusters is “frozen”,
we use a minimum description length (MDL) criterion to decide whether they should
be merged or not, described in the next section 3.2.

We continue this procedure until all the pairs of clusters have been tested. The com-
putational complexity isO(N2), whereN is the number of data points. An outline of
all the procedure is in Table 1.

Table 1: Schematic description of the clustering algorithmproposed (SL-DID).
Algorithm: SL-DID
Input: data withN samples
Output: data partition
Initialization: Each pattern is a cluster
repeat

Choose the most similar pair of clusters(Ci, Cj) not yet tested
if #Ci < 6 and #Cj < 6

merge clustersCi, Cj into a new cluster
if #Ci ≥ 6 and #Cj < 6

if inc(Cj) are not in the tail of the pdf ofinc(Ci)
merge clustersCi, Cj into a new cluster

else do not mergeCi, Cj

if #Ci ≥ 6 and #Cj ≥ 6
computegap(Ci) andgap(Cj), andDL(Ci), DL(Cj) andDL(Ci ∪ Cj)
if gap(Ci) is in the tail of the pdf ofinc(Ci)

freeze clusterCi

elseif gap(Cj) is in the tail of the pdf ofinc(Cj)
freeze clusterCj

elseif DL(Ci ∪ Cj) <= DL(Ci) +DL(Cj)
merge clustersCi, Cj into a new cluster

else do not mergeCi, Cj

until all pairs of clusters should not be merged



3.2 Minimum Description Length criterion

We now present the MDL criterion for our case. We consider a prior p(λ) = 1/λ (a prior
that favors small values ofλ, which is appropriate since increments within a cluster are
expected to be small) and the likelihood functionp

dinc
(W |λ) defined in equation (6),

with W the set of increments computed inside a cluster. The description length for a
clusterCi can be shown to be, under some approximations [5]

DL(Ci) =
1

2
(1− log(12)) + log λ+

1

2
log(I(λ))− log p(W |λ), (7)

where we used the expected Fisher informationI(λ) ≡ −E[∂
2 log p(W |λ)

∂λ2 ].
The decision of merging two clusters is based on the minimum description length

between two models: one composed by two separated clusters,M2, and the other com-
posed by two clusters merged,M1. The description length of modelM2 consists of the
sum of two description lengths (one for each cluster with parametersλ1 andλ2). The
other model,M1, has a description length with one parameter only. So, the minimum
description length in this case is given by

chooseMi : i = argmin
i

{DL(Mi)} . (8)

3.3 Algorithm Analysis

We claim that the proposed algorithm has two main features: it can adequately identify
well separated clusters with arbitrarily shaped and densities, and it offers a deeper in-
sight into the structure of touching clusters. In this section we will explain these two
claims and present a few examples.

If one has data sets with separated clusters like the one presented in figure 2, single-
link is not able to find a good partition of this data. Actually, single-link joins the two
centered clusters into one cluster only and the outer cluster is split into two clusters,
where one cluster has only four points (see figure 3).
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Fig. 2: Synthetic data set with three distinct clusters.

The new proposed algorithm, which we call SL-DID, can often find the correct
number of clusters, in data sets where single-link fails. For example, in the dataset



presented in figure 2, SL-DID finds the three correct clusters, in spite of the clusters
having different densities and arbitrary shapes (see figure3).
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Fig. 3:Top: Partition produced by single-link in data set presented in figure 2 and den-
drogram produced by single-link.Bottom: Partition produced by the proposed algorithm
in the data set presented in figure 2 and corresponding dendrogram.

A disadvantage of typical hierarchical clustering algorithms is the fact that one of-
ten needs to know somea priori information about the true number of classes. This is,
in practice, a parameter that needs to be fed into these algorithms, unless the user looks
at the dendrogram and manually selects the appropriate number of clusters. But some-
times even the dendrogram does not give us good information on where to “cut”. In
the dendrogram presented on top of figure 3, the cut in the dendrogram can be made to
obtain two or three clusters: the height of the corresponding lines of the dendrogram is
similar, so one is uncertain whether there are two or three clusters present (this is in ad-
dition to the fact that the three clusters found by single-link are wrong). In SL-DID, on
the other hand, the algorithm automatically stops at an appropriate number of clusters
(which is 3 in the example above).

The use of a hierarchical clustering algorithm, like single-link or the proposed
method, has some disadvantages when one has a dataset with touching clusters. Con-
sider for example the Iris data set from the UCI Machine Learning Repository1. It is a
data set with one cluster well separated from the other two which overlap each other.
Hierarchical clustering techniques are able to find the wellseparated cluster, however
the other two classes are combined into a single cluster. In this kind of data set it is
better to use a gaussian mixture decomposition approach.

Furthermore, if we consider a data set with touching clusters like the one presented
in figure 4, single-link is not able to find a good partition of this data. Actually, single-

1 http://archive.ics.uci.edu/ml



link joins all the points into one cluster only. Even if we force single-link to stop in the
true number of classes, it finds two clusters where one cluster has only one point, which
means single-link mixed both classes in one single class (see figure 4) and cannot find
the true structure of this data set.
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Fig. 4:Left: Synthetic data set with two distinct clusters.Middle: Partition produced by
single-link in that data set. Note that all points are clustered together, except for one
point with coordinates (1.4 , 0).Right: Dendrogram produced by single-link.

The proposed algorithm (SL-DID), in data sets with touchingclusters, offers a
deeper insight into the structure of touching clusters; it can often find a set of clusters
such that each class is the union of a few clusters. For example, in the dataset presented
in figure 4, SL-DID finds four clusters: two for each class (seefigure 5). In this partic-
ular case, the increments in each class are not similar throughout the whole class, and
SL-DID divides each class into two clusters. However, the gap between the two clusters
of each class is much smaller than the gap between clusters ofdifferent classes. This
information can be used to reconstruct the two original classes, as in figure 5. We can
conclude that our algorithm is able to find classes that are composed by the union of
small models based on dissimilarity increments.

4 Experimental Results

4.1 Datasets

To test the performance of the proposed method, we used 12 data sets: 8 synthetic
data sets, and 4 real data sets from the UCI Machine Learning Repository2. The syn-
thetic data sets were chosen to take into account a wide variety of situations: well-
separated; gaussian and non-gaussian clusters; arbitraryshapes; and diverse cluster den-
sities. These synthetic data sets are shown in figure 6.

We now describe the real data sets. TheWisconsin Breast-Cancer data set consists
of 683 patterns represented by nine features and has two clusters. TheHouse Votes data
set consists of votes for each of the U.S. House of Representatives Congressmen on
the 16 key votes identified by the Congressional Quarterly Almanac. It is composed by
two clusters and only the patterns without missing values were considered, for a total

2 http://archive.ics.uci.edu/ml
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Fig. 5: Top: Partition produced by the proposed method in the synthetic data set pre-
sented in figure 4.Bottom left: Dendrogram produced during the successive mergings of
SL-DID. Note that the presence of four clusters is obvious even with visual inspection,
even though SL-DID stops automatically at four clusters.Bottom right: Dendrogram
produced over the clusters presented in the top figure. As we can see clusters 1 and 2
should be considered as belonging to the same class and the same for clusters 3 and 4.
However, the gap between clusters (1,2) and clusters (3,4) is huge, which indicates that
we are in the presence of two classes: one formed by clusters 1and 2, and the other
formed by the clusters 3 and 4.
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of 232 samples (125 democrats and 107 republicans). It was normalized to have unit
variance. TheIris data set consists of three species of Iris plants (Setosa, Versicolor
and Virginica). This data set is characterized by four features and 50 samples in each
cluster. TheWine consists of the results of a chemical analysis of wines grownin the
same region in Italy divided into three clusters with 59, 71 and 48 patterns described by
13 features.

4.2 Parameter Selection

Although our algorithm is parameter-free, we will compare it to other algorithms which
have parameters that need to be chosen. To automatically select the parameters in those
algorithms, we use the Graph-based Dissimilarity Increments Distribution index, or G-
DID, which is a cluster validity index proposed by Fred and Jain [3]. G-DID is based on
the minimum description length (MDL) of the graph-based representation of partition
P . The selection amongN partitions, produced by different values of parameters, isas
follows

ChooseP i : i = argmin
j

{G-DID(P j)}, (9)

where G-DID(P ) = − log f̂(P ) + kP

2 log(n) is the graph description length,n is the

number of samples (increments in our case), andf̂(P ) is the probability of partition
P , with kP clusters, according to a Probabilistic Attributed Graph model taking into
account the dissimilarity increments distribution (see [3] for details). In [3], the proba-
bility of the graph edges was estimated from an exponential model associated with each
cluster.

4.3 Exprimental Results and Discussion

We compare the proposed method (SL-DID) to two algorithms also based in the dissim-
ilarity increments distribution. The GMDID is a partitional clustering algorithm which
uses a Gaussian mixture decomposition (GM) [2] as initialization and a likelihood ratio
test to make the decision of whether to merge two clusters (see [1] for details). An-
other algorithm based on dissimilarity increments, SL-AGLO, was earlier proposed by
Fred and Leit̃ao [4]. We also compare our algorithm to the two most used hierarchical
clustering algorithms: single-link (SL) and average-link(AL).

All the clustering methods using the dissimilarity increments concept find the num-
ber of clusters automatically and GM also finds the number of clusters automatically.
However, GMDID and SL-AGLO have an additional parameter, sowe compute parti-
tions for several values of parameters and choose among themas described in section
4.2. GMDID has a significance levelα to perform the likelihood ratio test and we used
1%, 5%, 10% and 15% to decide whether two clusters should be merged or not. The
SL-AGLO algorithm has an isolation parameter which is a threshold set in the tail of
the exponential distribution of the dissimilarity increments of a cluster (with parameter
the inverse of the mean of the increments of that cluster). Weused values ranging from
the mean of the exponential distribution to 10 times this mean for this threshold, and the
choice of the best value was also done using G-DID. For SL and AL we obtain several



partitions for different values of number of clusters and used also the G-DID to choose
the best partition.

We assess the quality of each resulting partitionP using the consistency index (CI),
which is the percentage of agreement betweenP and the ground truth information. In
other words, it is the percentage of correctly clustered points. Table 2 summarizes the
results obtained with CI.

Table 2: Consistency index (CI) values of the partitions found by the algorithms. The
values in parenthesis correspond to the number of clusters found by each algorithm.
The first column contains the true number of clusters (Nc) of each data set.

Nc GM GMDID SL-AGLO SL-DID SL AL
Bars 2 0.5000 (10) 0.7700 (3) 0.9100 (4) 0.9150 (4) 0.5075 (2) 0.9925 (2)
d2 4 0.3400 (13) 0.9050 (5) 1.0000 (4) 1.0000 (4) 1.0000 (4) 0.4900 (8)
Half Rings 3 0.2980 (17) 0.8620 (6) 1.0000 (3) 1.0000 (3) 0.9500 (4) 0.6000 (2)
Mixed Image 1 7 0.4420 (24)0.5890 (15) 0.9560 (8) 0.9190 (9) 0.8440 (11) 0.5810 (3)
Mixed Image 2 8 0.4709 (20) 1.0000 (8) 0.9743 (10) 1.0000 (8) 0.5142 (12)0.5819 (12)
Mixed Image 3 9 0.4588 (26)0.9141 (10) 1.0000 (9) 0.9459 (11)0.8188 (11) 0.5882 (6)
Rings 3 0.2444 (27) 1.0000 (3) 1.0000 (3) 1.0000 (3) 1.0000 (3) 0.5289 (2)
Spiral 2 0.1400 (27) 1.0000 (2) 1.0000 (2) 1.0000 (2) 1.0000 (2) 0.5200 (2)
Breast Cancer 2 0.5593 (5) 0.7467 (3) 0.5783 (24)0.3748 (12) 0.6515 (3) 0.9385 (5)
House Votes 2 0.8405 (2) 0.8405 (2) 0.5345 (3) 0.6336 (3) 0.5302 (2) 0.8836 (2)
Iris 3 0.8000 (4) 0.6667 (3) 0.4800 (6) 0.6667 (2) 0.6667 (2) 0.6667 (2)
Wine 3 0.5112 (10) 0.5169 (8) 0.2753 (11)0.3034 (10) 0.5337 (7) 0.6573 (4)

Overall, the use of dissimilarity increments incorporatedin a clustering algorithm
shows better results than the ones using only pairwise dissimilarities in synthetic data
sets.

As mentioned above, our algorithm starts by merging points using the same criterion
as single-link, until one of the clusters being tested has 6 or more points. Once that hap-
pens, we use a criterion to merge or not clusters using the DIDpresented in section 2.1.
Table 2 shows that this criterion improves the results over single-link. It remains to be
seen whether we can use a similar concept to improve the results of average-link. This
is a topic we will research in the near future.

Also, this table shows that average-link is the best overallmethod for the four real
data sets considered if one takes the produced clusters as the final partition. However,
note that we forced single-link and average-link to stop at two clusters.

We alerted above to the fact that the true classes in the data can have varying internal
structure, as in the data set of figure 4. In this case, even if the number of clusters is
incorrect, one should test whether the true classes can be recovered as the union of
some of the found clusters. For this purpose, we use another measure, which computes
the percentage of correctly clustered points if one represents the classes as the union
of clusters, where each cluster can only be used for one class. We denote this second
measure by CI*, due to its similarity with the Consistency Index. Table 3 summarizes
the results.



Table 3: CI* values of the partitions found by the algorithms. The first two columns
correspond to the number of patterns (N ) and the true number of clusters (Nc) of each
data set.

N Nc GM GMDID SL-AGLO SL-DID SL AL
Bars 400 2 0.9775 0.9775 0.9625 1.0000 0.50750.9925
d2 200 4 1.0000 1.0000 1.0000 1.0000 1.0000 0.9400
Half Rings 500 3 1.0000 1.0000 1.0000 1.0000 1.0000 0.6000
Mixed Image 11000 7 0.7850 0.7860 0.9990 0.9990 0.84900.5810
Mixed Image 2 739 8 1.0000 1.0000 0.9986 1.0000 0.52370.5900
Mixed Image 3 850 9 0.9459 0.9459 1.0000 1.0000 0.82350.5882
Rings 450 3 1.0000 1.0000 1.0000 1.0000 1.0000 0.5289
Spiral 200 2 1.0000 1.0000 1.0000 1.0000 1.0000 0.5200
Breast Cancer 683 2 0.7745 0.7980 0.9063 0.6691 0.65300.9414
House Votes 232 2 0.8405 0.8405 0.6983 0.7112 0.53450.8836
Iris 150 3 0.9667 0.6667 0.6933 0.6667 0.66670.6667
Wine 178 3 0.5618 0.5843 0.5169 0.4775 0.65170.6910

We noticed earlier that SL-DID is very similar to SL-AGLO in performance. How-
ever, if we take into account that a class can be composed by several models of incre-
ments, SL-DID is the best algorithm in terms of the syntheticdata sets: see table 3.

In terms of real data sets, the average-link outperforms allthe other algorithms. SL-
DID has some problems in data sets with overlapped classes because it starts by assign-
ing each pattern to a cluster and merges the closest clustersuntil we have a minimum
number of samples to estimate the DID. If the classes have an overlap it is likely that
the initial process of merging the closest clusters will merge together points belonging
to different classes. In future work we will try to overcome this difficulty.

5 Conclusions

The dissimilarity increments distribution was recently derived and used to create a par-
titional clustering algorithm [1]. The initialization of that algorithm was a Gaussian
mixture decomposition which has some difficulties in identify arbitrarily shaped clus-
ters and sometimes it combines patterns that should be in different components. In this
paper we propose to use the same distribution but in a hierarchical point of view.

The new proposed method is a parameter-free algorithm and identifies classes as the
union of dissimilarity increments models. Experimental results show that it performs
very well for well separated data sets in the identification of classes. However, in real
data sets with overlapping classes, it tends to mix the classes and form a single model
for the increments. In future work we will improve the approach presented in this paper,
so it can work well in data sets with touching clusters.
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Abstract

Training structured predictors often requires a
considerable time selecting features or tweak-
ing the kernel. Multiple kernel learning (MKL)
sidesteps this issue by embedding the kernel
learning into the training procedure. Despite the
recent progress towards efficiency and scalability
of MKL algorithms, the structured output case
remains an open research front. We propose a
new family of online proximal algorithms able to
tackle many variants of MKL and group-LASSO,
and for which we show regret, convergence, and
generalization bounds. Experiments on hand-
writing recognition and dependency parsing il-
lustrate the success of the approach.

1 INTRODUCTION

Structured prediction problems are characterized by strong
interdependence among the output variables, usually with
sequential, graphical, or combinatorial structure. Despite
all the advances toward a unified formalism encompassing
different learning objectives (Bakır et al., 2007), obtaining
good predictors still requires a large effort in feature/kernel
design and tuning (often done via cross-validation). Be-
cause discriminative training of structured predictors can
be quite slow, especially in large-scale settings, it is ap-
pealing to learn the kernel function simultaneously.

In multiple kernel learning (MKL, Lanckriet et al. 2004;
Bach et al. 2004), the kernel is learned as a linear com-
bination of prespecified base kernels. This framework has
been made scalable with the advent of wrapper-based meth-
ods, in which a standard learning problem (e.g., an SVM) is
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repeatedly solved in an inner loop up to a prescribed accu-
racy (Sonnenburg et al., 2006; Rakotomamonjy et al., 2008;
Kloft et al., 2010). Unfortunately, extending such methods
to structured prediction raises practical hurdles: since the
output space is large, so are the kernel matrices, and the
number of support vectors. Moreover, since it is typically
prohibitive to tackle the inner learning problem in its batch
form, one often needs to resort to online algorithms (Ratliff
et al., 2006; Vishwanathan et al., 2006; Collins et al., 2008);
the latter are fast learners but slow optimizers (Bottou and
Bousquet, 2007), hence using them in the inner loop with
early stopping can misguide the overall MKL optimization.

In this paper, we overcome the above difficulty by propos-
ing a stand-alone online MKL algorithm which iterates
between subgradient and proximal steps. The algorithm,
which when applied to structured prediction is termed
SPOM (Structured Prediction by Online MKL), has im-
portant advantages: (i) it is simple, flexible, and compat-
ible with sparse and non-sparse MKL, (ii) it is adequate
for structured prediction, (iii) it offers regret, convergence,
and generalization guarantees. Our approach extends and
kernelizes the forward-backward splitting scheme FOBOS
(Duchi and Singer, 2009), whose regret bound we improve.

Our paper is organized as follows: after reviewing struc-
tured prediction and MKL (§2), we present a class of on-
line proximal algorithms which handle composite regular-
izers with multiple proximal steps (§3). We derive con-
vergence rates and show how these algorithms are appli-
cable in MKL, group-LASSO, and other structural sparsity
formalisms. In §4, we apply this algorithm for structured
prediction (yielding SPOM) in two experimental testbeds:
sequence labeling for handwritten text recognition, and nat-
ural language dependency parsing. We show the potential
of SPOM by learning combinations of kernels from tens of
thousands of training instances, with encouraging results in
terms of runtimes and accuracy.
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2 STRUCTURED PREDICTION AND
MULTIPLE KERNEL LEARNING

2.1 Inference and Learning with Structured Outputs

We denote by X and Y the input and output sets, respec-
tively. Given an input x ∈ X , we let Y(x) ⊆ Y be its
set of admissible outputs; in structured prediction, this set
is assumed to be structured and exponentially large. Two
important examples of structured prediction problems are:
sequence labeling, in which x is an observed sequence and
each y ∈ Y(x) is a corresponding sequence of labels;
and natural language parsing, where x is a string and each
y ∈ Y(x) is a possible parse tree that spans that string.

Let U , {(x, y) | x ∈ X , y ∈ Y(x)} denote the set of ad-
missible input-output pairs. In supervised learning, we are
given a labeled dataset D , {(x1, y1), . . . , (xN , yN )} ⊆
U , and the goal is to learn a compatibility function fθ :U→
R that allows to make predictions on unseen data via

x 7→ ŷ(x) , arg max
y∈Y(x)

fθ(x, y). (1)

Problem (1) is called inference (decoding) and, in strutured
prediction, often involves combinatorial optimization (e.g.,
dynamic programming). In this paper, we consider linear
functions, fθ(x, y) , 〈θ,φ(x, y)〉, where θ is a parameter
vector and φ(x, y) a feature vector. To be general, we let
these vectors live in a Hilbert space H, with reproducing
kernelK : U ×U → R. In the sequel, features will be used
implicitly or explicitly, as convenience determines.

We want fθ to generalize well, i.e., given a cost function
c : Y × Y → R+ (with c(y, y) = 0, ∀y) we want the
corresponding inference criterion to have low expected risk
EX,Y c(Y, ŷ(X)). To achieve this, one casts learning as the
minimization of a regularized empirical risk functional,

min
fθ∈H

λΩ(fθ) +
1

N

N∑
i=1

L(fθ;xi, yi), (2)

where Ω : H → R+ is a regularizer, λ ≥ 0 is the regular-
ization constant, and L : H×X ×Y → R is a convex loss
function. Common choices are the logistic loss, in condi-
tional random fields (CRF, Lafferty et al. 2001), and the
structured hinge loss, in structural support vector machines
(SVM, Taskar et al. 2003; Tsochantaridis et al. 2004):

LCRF(fθ;x, y) , log
∑
y′∈Y(x) exp(δfθ(x, y′, y)), (3)

LSVM(fθ;x, y) , maxy′∈Y(x) δfθ(x, y′, y)+c(y′, y), (4)

where δfθ(x, y′, y) , fθ(x, y′)− fθ(x, y).

If the regularizer is Ω(fθ) = 1
2‖θ‖

2 (`2-regularization),
the solution of (2) can be expressed as a kernel expan-
sion (structured version of the representer theorem, Hof-
mann et al. 2008, Corollary 13). We next discuss alternative
forms of regularization that take into consideration another
level of structure—now in the feature space.

2.2 Block-Norm Regularization and Kernel Learning

Selecting relevant features or picking a good kernel are
ubiquitous problems in statistical learning, both of which
have been addressed with sparsity-promoting regularizers.
We first illustrate this point for the explicit feature case.
Often, features exhibit a natural block structure: for ex-
ample, many models in NLP consider feature templates—
these are binary features indexed by each word w in the vo-
cabulary, by each part-of-speech tag t, by each pair (w, t),
etc. Each of these templates correspond to a block (also
called a group) in the feature spaceH. Thus,H is endowed
with a block structure, where each block (indexed by m =
1, . . . ,M ) is itself a “smaller” feature spaceHm; formally,
H is a direct sum of Hilbert spaces: H =

⊕M
m=1Hm.

Group-LASSO. Consider the goal of learning a model in
the presence of many irrelevant feature templates. A well-
known criterion is the group-LASSO (Bakin, 1999; Yuan
and Lin, 2006), which uses the following block-norm reg-
ularizer: ΩGL(fθ) =

∑M
m=1 ‖θm‖. This can be seen as

the `1-norm of the `2-norms: it promotes sparsity w.r.t. the
number of templates (groups) that are selected. When ΩGL

is used in (2), the following happens within the mth group:
either the optimal θ∗m is identically zero—in which case the
entire group is discarded—or it is non-sparse.

Sparse MKL. In MKL (Lanckriet et al. 2004), we learn
a kernel as a linear combination K =

∑M
m=1 βmKm of M

prespecified base kernels {K1, . . . ,KM}, where the coef-
ficients β = (β1, . . . , βM ) are constrained to the simplex
∆M , {β ≥ 0 | ‖β‖1 = 1}. This is formulated as an
outer minimization of (2) w.r.t. β ∈ ∆M :

min
β∈∆M

min
fθ∈H

λ

2

M∑
m=1

βm‖θm‖2 +

1

N

N∑
i=1

L

(
M∑
m=1

βmfθm ;xi, yi

)
. (5)

Remarkably, as shown by Bach et al. (2004) and Rako-
tomamonjy et al. (2008), this joint optimization over β
and θ can be transformed into a single optimization of the
form (2) with a block-structured regularizer ΩMKL(fθ) =
1
2 (
∑M
m=1 ‖θm‖)2. Note that this coincides with the square

of the group-LASSO regularizer; in fact, the two problems
are equivalent up to a change of λ (Bach, 2008a). Hence,
this MKL formulation promotes sparsity in the number of
selected kernels (i.e., only a few nonzero entries in β).

Non-Sparse MKL. A more general MKL formulation
(not necessarily sparse) was recently proposed by Kloft
et al. (2010). Define, for p ≥ 1, the set ∆M

p , {β ≥
0 | ‖β‖p = 1}. Then, by modifying the constraint in (5) to
β ∈ ∆M

p , the resulting problem can be again transformed
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in one of the form (2) with the block-structured regularizer:

ΩMKL,q(fθ) =
1

2

( M∑
m=1

‖θm‖q
)2/q

,
1

2
‖θ‖22,q, (6)

where q = 2p/(p + 1). The function ‖.‖2,q satisfies the
axioms of a norm, and is called the `2,q mixed norm. Given
a solution θ∗, the optimal kernel coefficients can be com-
puted as β∗m ∝ ‖θ

∗
m‖2−q . Note that the case p = q = 1

corresponds to sparse MKL and that p = ∞, q = 2 corre-
sponds to standard `2-regularization with a sum-of-kernels.

2.3 Learning the Kernel in Structured Prediction

Up to now, all formulations of MKL apply to classifica-
tion problems with small numbers of classes. The algorith-
mic challenges that prevent the straightforward application
of these formulations to structured prediction will be dis-
cussed in §2.4; here, we formally present our MKL formu-
lation for structured prediction.

In structured prediction, model factorization assumptions
are needed to make the inference problem (1) tractable.
This can be accomplished by defining a set of parts over
which the model decomposes. Suppose, for example, that
outputs correspond to vertex labelings in a Markov net-
work (V,E). Then, we may let each part be either a ver-
tex or an edge, and write the feature vector as φ(x, y) =
(φV (x, y),φE(x, y)), with

φV (x, y) =
∑
i∈V

ψV (x, i)⊗ ζV (yi) (7)

φE(x, y) =
∑
ij∈E

ψE(x, ij)⊗ ζE(yi, yj), (8)

where ⊗ denotes the Kronecker product between feature
vectors, ψV and ψE are input feature vectors (which may
depend globally on x), and ζV and ζE are local output
feature vectors which only look, respectively, at a sin-
gle vertex and a single edge. A common simplifying as-
sumption is to let ζV be the identity feature mapping,
ψE ≡ 1, and to define ζE as the identity feature map-
ping scaled by β0 > 0. We can then learn the kernel
KX,V ((x, i), (x′, i′)) , 〈ψV (x, i),ψV (x′, i′)〉 as a com-
bination of basis kernels {KX,V,m}Mm=1. This yields a ker-
nel decomposition of the form

K((x, y), (x′, y′)) = β0 · |{ij, i′j′ ∈ E : yi = y′i′ , yj = y′j′}|

+
∑

i,i′∈V :yi=y′i′

M∑
m=1

βmKX,V,m((x, i), (x′, i′)).

In our sequence labeling experiments (§4), vertices and
edges correspond to label unigrams and bigrams. We ex-
plore two strategies: learning β1, . . . , βM , with β0 = 1
fixed, or also learning β0.

2.4 Existing MKL Algorithms

Early approaches to MKL (Lanckriet et al., 2004; Bach
et al., 2004) considered the dual of (5) in the form
of a second order cone program, thus were limited to
small/medium scale problems. Subsequent work focused
on scalability: Sonnenburg et al. (2006) proposes a semi-
infinite LP formulation and a cutting plane algorithm;
Rakotomamonjy et al. (2008) proposes a gradient-based
method (SimpleMKL) for optimizing the kernel coefficients
β; Kloft et al. (2010) performs Gauss-Seidel alternate op-
timization of β and of SVM instances; Xu et al. (2009)
proposes an extended level method.

The methods mentioned in the previous paragraph are all
wrapper-based algorithms: they repeatedly solve prob-
lems of the form (2) (or smaller chunks of it, as in Kloft
et al. 2010). Although warm-starting may offer consid-
erable speed-ups, convergence relies on the exactness (or
prescribed accuracy in the dual) of these solutions, which
constitutes a serious obstacle when using such algorithms
for structured prediction. Large-scale solvers for structured
SVMs lack strong convergence guarantees; the best meth-
ods require O( 1

ε ) rounds to converge to ε-accuracy. So-
phisticated second-order methods are intractable, since the
kernel matrix is exponentially large and hard to invert; fur-
thermore, there are typically many support vectors, since
they are indexed by elements of Y(xi).

In contrast, we tackle (5) in primal form. Rather than re-
peatedly calling off-the-shelf solvers for (2), we propose a
stand-alone online algorithm with runtime comparable to
that of solving a single instance of (2) by fast online meth-
ods. This paradigm shift paves the way for extending MKL
to structured prediction, a vast unexplored territory.

3 ONLINE PROXIMAL ALGORITHMS
FOR KERNEL LEARNING

3.1 An Online Proximal Gradient Scheme

The general algorithmic scheme that we propose and an-
alyze in this paper is presented as Alg. 1. It deals (in an
online fashion1) with problems of the form

min
θ∈Θ

λΩ(θ) + 1
N

∑N
i=1 L(θ;xi, yi), (9)

where Θ ⊆ H is a convex set and the regularizer Ω has
a composite form Ω(θ) =

∑J
j=1 Ωj(θ). This encom-

passes all formulations described in §2.1–2.2: standard `2-
regularized SVMs and CRFs, group LASSO, and sparse and
non-sparse variants of MKL. For all these, we have Θ = H
and J = 1. Moreover, with J > 1 it allows new variants of
block-norm regularization, as we will discuss in §3.2.

1For simplicity, we focus on the pure online setting, i.e., each
parameter update uses a single observation; analogous algorithms
may be derived for the batch and mini-batch cases.
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Alg. 1 is similar to stochastic gradient descent (SGD, Bot-
tou 1991), in that it also performs “noisy” (sub-)gradient
steps2 by looking only at a single instance (line 4). Hence,
as SGD, it is also suitable for problems with large N . The
difference is that these subgradients are only w.r.t. the loss
function L, i.e., they ignore the regularizer Ω.

In turn, each round of Alg. 1 makes J proximal steps, one
per each term Ωj (line 7). Given a function Φ : H → R,
the Φ-proximity operator (Moreau, 1962) is defined as:

proxΦ(θ) = arg min
ξ∈H

1

2
‖ξ − θ‖2 + Φ(ξ). (10)

For sparsity-promoting regularizers, such as Φ(ξ) = ‖ξ‖1
or Φ(ξ) = ‖ξ‖2,1, proxΦ has a shrinkage and threshold-
ing effect on the parameter vector, pushing Alg. 1 to return
sparse solutions. This does not usually happen in standard
SGD: since those regularizers are non-differentiable at the
origin, each subgradient step in SGD causes oscillation and
the final solution is rarely sparse. Contrarily, Alg. 1 is par-
ticularly appropriate for learning sparse models.

Finally, the projection step (line 9) can be used as a trick
to accelerate convergence: for example, if we take the un-
constrained version of (9) and we know beforehand that the
optimum lies in a convex set Θ, then the constraint θ ∈ Θ is
“vacuous,” but line 9 ensures that each iterate θt is confined
to a bounded region containing the optimum. This idea is
also used in PEGASOS (Shalev-Shwartz et al., 2007).

Before analyzing Alg. 1, we remark that it includes, as par-
ticular cases, many well-known online learners:

• if Ω = 0 and ηt ∝ 1√
t
, Alg. 1 is the online projected

subgradient algorithm of Zinkevich (2003);

• if Ω = 0, L = LSVM + λ
2 ‖θ‖

2, and ηt = 1
λt , Alg. 1

becomes PEGASOS, a popular algorithm for learning
SVMs that has been extended to structured prediction
(Shalev-Shwartz et al., 2007, 2010);

• If Ω(θ) = ‖θ‖1, Alg. 1 was named truncated gradient
descent and studied by Langford et al. (2009);

• If J = 1, Alg. 1 coincides with FOBOS (Duchi and
Singer, 2009), which was used for learning SVMs and
also for group-LASSO (but not for structured prediction).

In §3.4, we show how to kernelize Alg. 1 and apply it to
sparse MKL. The case J > 1 has applications in vari-
ants of MKL or group-LASSO with composite regularizers
(Tomioka and Suzuki, 2010; Friedman et al., 2010; Bach,
2008b; Zhao et al., 2008). In some of those cases, the prox-
imity operators of Ω1, ...,ΩJ are easier to compute than
their sum Ω, making Alg. 1 more suitable than FOBOS.

2Given a convex function Φ : H → R, its subdifferential at
θ is the set ∂Φ(θ) , {g ∈ H | ∀θ′ ∈ H, Φ(θ′) − Φ(θ) ≥
〈g,θ′ − θ〉}, the elements of which are the subgradients.

Algorithm 1 Online Proximal Algorithm
1: input: dataset D, parameter λ, number of rounds T ,

learning rate sequence (ηt)t=1,...,T

2: initialize θ1 = 0; set N = |D|
3: for t = 1 to T do
4: take training pair (xt, yt) and obtain a subgradient

g ∈ ∂L(θt;xt, yt)
5: θ̃t = θt − ηtg (gradient step)
6: for j = 1 to J do
7: θ̃t+ j

J
= proxηtλΩj (θ̃t+ j−1

J
) (proximal step)

8: end for
9: θt+1 = ΠΘ(θ̃t+1) (projection step)

10: end for
11: output: the last model θT+1 or the averaged model

θ̄ = 1
T

∑T
t=1 θt

3.2 Proximity Operators of Block-Norm Regularizers

For Alg. 1 to handle the MKL and group-LASSO prob-
lems (described in §2.2), it needs to compute the proximal
steps for block-norm regularizers. The following proposi-
tion (proved in App. A) is crucial for this purpose.

Proposition 1 If Φ(θ) = ϕ((‖θm‖)Mm=1) depends on each
block only through its `2-norm, where ϕ : RM → R, then,
[proxΦ(θ)]m = [proxϕ(‖θ1‖, . . . , ‖θM‖)]m(θm/‖θm‖).

Hence, any ` r2,q-proximity operator can be reduced to an ` rq
one: its effect is to scale the weights of each block by an
amount that depends on the latter. Examples follow.

Group-LASSO. This corresponds to q = r = 1, so we
are left with the problem of computing the τ‖·‖1-proximity
operator, which has a well-known closed form solution: the
soft-threshold function (Donoho and Johnstone, 1994),

proxτ‖·‖1(b) = soft(b, τ), (11)

where [soft(b, τ)]k , sgn(bk) ·max{0, |bk| − τ}.

Sparse MKL. This corresponds to q = 1, r = 2, and
there are two options: one is to transform the problem back
into group-LASSO, by removing the square from ΩMKL (as
pointed out in §2, these two problems are equivalent in the
sense that they have the same regularization path); the other
option (that we adopt) is to tackle ΩMKL directly.3 Prop. 1
enables reducing the evaluation of a ‖·‖22,1-proximity oper-
ator to that of a squared `1. However the squared `1 is not
separable (unlike `1), hence the proximity operator cannot
be evaluated coordinatewise as in (11). This apparent diffi-
culty has led some authors (e.g., Suzuki and Tomioka 2009)
to stick with the first option. However, despite the non-
separability of `21, this proximal step can still be efficiently
computed, as shown in Alg. 2. This algorithm requires

3This makes possible the comparison with other MKL algo-
rithms, for the same values of λ, as reported in §4.



André F. T. Martins∗†, Noah A. Smith∗, Eric P. Xing∗, Pedro M. Q. Aguiar‡, Mário A. T. Figueiredo†

Algorithm 2 Proximity Operator of `21
1: input: vector x ∈ RM and parameter λ > 0
2: sort the entries of |x| into y (yielding y1 ≥ . . . ≥ yM )
3: set ρ = max

{
j ∈ {1, ...,M} | yj − λ

1+jλ

∑j
r=1 yr > 0

}
4: output: z = soft(x, τ), where τ = λ

1+ρλ

∑ρ
r=1 yr

sorting the weights of each group, which has O(M logM)
cost. Correctness of this algorithm is shown in App. E.4

Non-Sparse MKL. For the case q ≥ 1 and r = 2, a di-
rect evaluation of proxτ‖·‖22,q is more involved. It seems
advantageous to transform this problem into an equiva-
lent one, which uses a separable `q2,q regularizer instead
(the two problems are also equivalent up to a change in
the regularization constant). The resulting proximal step
amounts to solving (on b) M scalar equations of the form
b − b0 + τqbq−1 = 0, also valid for q ≥ 2 (unlike the
method described by Kloft et al. 2010). This can be done
very efficiently using Newton’s method.

Other variants. Many other variants of MKL and group-
LASSO can be handled by Alg. 1, with J > 1. For ex-
ample, the elastic net MKL (Tomioka and Suzuki, 2010)
uses a sum of two regularizers, σ2 ‖.‖

2 + 1−σ
2 ‖.‖

2
2,1. In hi-

erarchical LASSO and group-LASSO with overlaps (Bach,
2008b; Zhao et al., 2008; Jenatton et al., 2009), each feature
may appear in more than one group. Alg. 1 handles these
problems seamlessly by enabling a proximal step for each
group.5 Sparse group-LASSO (Friedman et al., 2010) si-
multaneously promotes group-sparsity and sparsity within
each group, via σ‖.‖2,1 +(1−σ)‖.‖1 regularization; Alg. 1
can handle this regularizer by using two proximal steps,
both involving simple soft-thresholding: one at the group
level, and another within each group.

3.3 Regret, Convergence, and Generalization Bounds

We next show that, for a convex loss L and under standard
assumptions, Alg. 1 converges up to ε precision, with high
confidence, in O(1/ε2) iterations. If L or Ω are strongly
convex,6 this bound is improved to Õ(1/ε), where Õ hides
logarithmic terms. Our proofs combine tools of online con-
vex programming (Zinkevich, 2003; Hazan et al., 2007)

4A similar algorithm was proposed independently by Kowal-
ski and Torrésani (2009) in a different context.

5Recently, a lot of effort has been placed on ways for com-
puting the proximal step for regularizers with overlapping groups
(Liu and Ye, 2010a,b; Mairal et al., 2010). Alg. 1 suggests
an alternative approach: split the regularizer into several non-
overlapping parts and apply sequential proximal steps. Although
in general proxΩJ

◦ . . . ◦proxΩ1
6= proxΩJ◦...◦Ω1

, Alg. 1 is still
applicable, as we will see in §3.3.

6Φ is σ-strongly convex in S if ∀θ ∈ S, ∀g ∈ ∂Φ(θ), ∀θ′ ∈
H, Φ(θ′) ≥ Φ(θ) + 〈g,θ′ − θ〉+ σ

2
‖θ′ − θ‖2.

and classical results about proximity operators (Moreau,
1962). The key is the following lemma (proved in App. B).

Lemma 2 Assume that L is convex andG-Lipschitz7 on Θ,
and that Ω =

∑J
j=1 Ωj satisfies the following conditions:

(i) each Ωj is convex; (ii) ∀θ ∈ Θ, ∀j′ < j, Ωj′(θ) ≥
Ωj′(proxλΩj (θ)) (each proximity operator proxλΩj does
not increase the previous Ωj′ ); (iii) Ω(θ) ≥ Ω(ΠΘ(θ))
(projecting the argument onto Θ does not increase Ω).
Then, for any θ̄ ∈ Θ, at each round t of Alg. 1,

L(θt) + λΩ(θt+1) ≤ L(θ̄) + λΩ(θ̄) + ε, (12)

where ε = ηt
2 G

2 + ‖θ̄−θt‖2−‖θ̄−θt+1‖2
2ηt

.

If L is σ-strongly convex this bound can be strengthened to

L(θt) + λΩ(θt+1) ≤ L(θ̄) + λΩ(θ̄) + ε′, (13)

where ε′ = ε− σ
2 ‖θ̄ − θt‖

2.

A related, but less tight, bound for J = 1 was derived
by Duchi and Singer (2009); instead of our term η

2G
2 in

ε, theirs is 7η2G
2.8 When Ω = ‖ · ‖1, FOBOS becomes

the truncated gradient algorithm of Langford et al. (2009)
and our bound matches the one therein derived, closing
the gap between Duchi and Singer (2009) and Langford
et al. (2009). Finally, note that the conditions (i)–(iii) are
not restrictive: they hold whenever the proximity operators
are shrinkage functions—e.g., if Ωj(θ) = ‖θGj‖

qj
2,pj

, with
pj , qj ≥ 1 and Gj ⊆ {1, . . . ,M}, which also covers the
overlapping group case where

⋂J
j=1Gj 6= ∅.

We next use Lemma 2 to characterize Alg. 1 in terms of its
cumulative regret w.r.t. the best fixed hypothesis, i.e.,

RegT ,
∑T
t=1 (λΩ(θt) + L(θt;xt, yt))

− minθ∈Θ

∑T
t=1 (λΩ(θ) + L(θ;xt, yt)) . (14)

Proposition 3 (regret bounds) Assume the conditions of
Lemma 2, along with Ω ≥ 0 and Ω(0) = 0. Then:

1. Running Alg. 1 with fixed learning rate η yields

RegT ≤
ηT

2
G2 +

‖θ∗‖2

2η
, (15)

where θ∗ = arg minθ∈Θ

∑T
t=1 (λΩ(θ) + L(θ;xt, yt)).

Setting η = ‖θ∗‖/(G
√
T ) yields a sublinear regret of

‖θ∗‖G
√
T . (Note that this requires knowing in advance

‖θ∗‖ and the number of rounds T .)

2. Assume that Θ is bounded with diameter F (i.e.,
∀θ,θ′ ∈ Θ, ‖θ − θ′‖ ≤ F ). Let the learning rate be
ηt = η0/

√
t, with arbitrary η0 > 0. Then,

RegT ≤
(
F 2

2η0
+G2η0

)√
T . (16)

7Φ is G-Lipschitz in S if ∀θ ∈ S, ∀g ∈ ∂Φ(θ), ‖g‖ ≤ G.
8This can be seen from their Eq. 9 withA = 0 and ηt = ηt+ 1

2
.
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With η0 = F/(
√

2G), we obtain RegT ≤ FG
√

2T .

3. If L is σ-strongly convex, and ηt = 1/(σt), we obtain a
logarithmic regret bound:

RegT ≤ G2(1 + log T )/(2σ). (17)

Proof: See App. C.

Similarly to other analyses of online learning algorithms,
once an online-to-batch conversion is specified, regret
bounds allow us to obtain PAC bounds on optimization
and generalization errors. The following proposition can be
proved using the techniques of Cesa-Bianchi et al. (2004)
and Shalev-Shwartz et al. (2007).

Proposition 4 (optimization and estimation error)
If the assumptions of Prop. 3 hold and ηt = η0/

√
t

as in item 2 in Prop. 3, then the version of Alg. 1 that
returns the averaged model solves (9) with ε-accuracy9

in T = O((F 2G2 + log(1/δ))/ε2) iterations with prob-
ability at least 1 − δ. If L is also σ-strongly convex and
ηt = 1/(σt) as in item 3 of Prop. 3, then, for the version of
Alg. 1 that returns θT+1, we get T = Õ(G2/(σδε)). The
generalization bounds are of the same orders.

We now pause to examine some concrete cases. The re-
quirement that the loss is G-Lipschitz holds for the hinge
and logistic losses, where G = 2 maxu∈U ‖φ(u)‖ (see
App. D). These losses are not strongly convex, and there-
fore Alg. 1 has only O(1/ε2) convergence. If the regular-
izer Ω is σ-strongly convex, a possible workaround to ob-
tain Õ(1/ε) convergence is to let L “absorb” that strong
convexity by redefining L̃(θ;xt, yt) = L(θ;xt, yt) +
σ‖θ‖2/2. Since neither the `2,1-norm nor its square are
strongly convex, we cannot use this trick for the MKL
case, but it does apply for non-sparse MKL (`22,q-norms are
strongly convex for q > 1) and for elastic MKL. Still, the
O(1/ε2) rate for MKL is competitive with the best batch
algorithms that tackle the dual; e.g., the method of Xu et al.
(2009) achieves ε primal-dual gap in O(1/ε2) iterations.10

Some losses of interest (e.g., the squared loss, or the modi-
fied loss L̃ above) areG-Lipschitz in any compact subset of
H but not in H. However, if the optimal solution is known
to lie in some compact set Θ, we can run Alg. 1 with the
projection step, making the analysis still applicable.

3.4 SPOM: Structured Prediction with Online MKL

The instantiation of Alg. 1 for structured prediction and
ΩMKL(θ) = 1

2‖θ‖
2
2,1 yields the SPOM algorithm (Alg. 3).

We consider L = LSVM; adapting to any generalized linear

9I.e., it returns a feasible solution whose objective value is less
than ε apart from the optimum.

10On the other hand, batch proximal gradient methods for
smooth losses can be accelerated to achieve O(1/

√
ε) conver-

gence in the primal objective (Beck and Teboulle, 2009).

Algorithm 3 SPOM
1: input: D, λ, T , radius γ, learning rates (ηt)

T
t=1

2: initialize θ1 ← 0
3: for t = 1 to T do
4: sample an instance xt, yt
5: compute scores for m = 1, . . . ,M :

fm(xt, y
′
t) = 〈θtm,φm(xt, y

′
t)〉

6: decode: ŷt ∈ argmax
y′t∈Y(x)

∑M
m=1 fm(xt, y

′
t) + c(y′t, yt)

7: Gradient step for m = 1, . . . ,M :

θ̃
t

m = θtm − ηt(φm(xt, ŷt)− φm(xt, yt))

8: compute weights for m = 1, . . . ,M : b̃tm = ‖θ̃
t

m‖
9: shrink weights bt = proxηtλ‖.‖22,1(b̃t) with Alg. 2

10: Proximal step form = 1, . . . ,M : θ̃
t+1

m = btm/b̃
t
m·θ̃

t

m

11: Projection step: θt+1 = θ̃
t+1
·min{1, γ/‖θ̃

t+1
‖}

12: end for
13: compute βm ∝ ‖θT+1

m ‖ for m = 1, . . . ,M
14: return β, and the last model θT+1

model (e.g., L = LCRF) is straightforward. As discussed
in the last paragraph of §3.3, the inclusion of a vacuous
projection may accelerate convergence. Hence, an optional
upper bound γ on ‖θ‖ is accepted as input. Suitable values
of γ for the SVM and CRF case are given in App. D.

In line 5, the scores of candidate outputs are computed
blockwise; as described in §2.3, a factorization over parts
is assumed and the scores are for partial output assign-
ments. Line 6 gathers all these scores and decodes (loss-
augmented inference for the SVM case, or marginal infer-
ence for the CRF case). Line 10 is where the block struc-
ture is taken into account, by applying a proximity operator
which corresponds to a blockwise shrinkage/thresolding,
with some blocks eventually being set to zero.

Although Alg. 3 is described with explicit features, it can
be kernelized, as shown next (one can also use explicit fea-
tures in some groups, and implicit in others). Observe that
the parameters of themth block after round t can be written
as θt+1

m =
∑t
s=1 α

t+1
ms (φm(xs, ys)− φm(xs, ŷs)), where

αt+1
ms = ηs

t∏
r=s

(
(brm/b̃

r
m) min{1, γ/‖θ̃

r+1
‖}
)

=

{
ηt(b

t
m/b̃

t
m) min{1, γ/‖θ̃

t+1
‖} if s = t

αtms(b
t
m/b̃

t
m) min{1, γ/‖θ̃

t+1
‖} if s < t.

Therefore, the inner products in line 5 can be kernel-
ized. The cost of this step is O(min{N, t}), instead of the
O(dm) (where dm is the dimension of the mth block) for
the explicit feature case. After the decoding step (line 6),
the supporting pair (xt, ŷt) is stored. Lines 9, 11 and 13
require the norm of each group, which can be manipulated
using kernels: indeed, after each gradient step (line 7), we
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have (denoting ut = (xt, yt) and ût = (xt, ŷt))

‖θ̃
t

m‖2 = ‖θtm‖2 − 2ηt〈θtm,φm(ut)〉+

η2
t ‖φm(ût)− φm(ut)‖2

= ‖θtm‖2 − 2ηtfm(ût) +

η2
t (Km(ut, ut) +Km(ût, ût)− 2Km(ut, ût));

and the proximal and projection steps merely scale these
norms. When the algorithm terminates, it returns the kernel
coefficients β and the sequence (αT+1

mt ).

In case of sparse explicit features, an implementation trick
analogous to the one used by Shalev-Shwartz et al. (2007)
(where each θm is represented by its norm and an un-
normalized vector) can substantially reduce the amount of
computation. In the case of implicit features with a sparse
kernel matrix, a sparse storage of this matrix can also sig-
nificantly speed up the algorithm, eliminating its depen-
dency on N in line 5. We do that in the experiments (§4).
Note that all steps involving block-specific computation
can be carried out in parallel using multi-core machines,
making Alg. 3 capable of handling many kernels (largeM ).

4 EXPERIMENTS

We evaluate SPOM (Alg. 3) on two structured prediction
tasks: a sequence labeling task (handwriting recognition)
and a natural language parsing task (dependency parsing).

4.1 Handwriting Recognition

We use the OCR dataset of Taskar et al. (2003), which has
a total of 6,877 words and 52,152 characters.11 Each char-
acter (the input) is a 16 × 8 binary image, with one of 26
labels (a-z, the output to predict). As Taskar et al. (2003),
we address this sequence labeling problem with a structural
SVM; however, we use the SPOM algorithm to learn the
kernel from the data. We use an indicator basis function to
represent the correlation between consecutive outputs.

MKL versus average kernel. Our first experiment (up-
per part of Table 1; solid lines in Figure 1) compares lin-
ear, quadratic, and Gaussian kernels, either used individ-
ually, combined via a simple average, or with MKL (via
SPOM). The results show that MKL outperforms the oth-
ers by≥ 2%, and that learning the bigram weight β0 (§2.3)
does not make any difference. Figure 1 shows that the
MKL approach is able to achieve an accurate model sooner.

Feature and kernel sparsity. The second experiment
aims at showing SPOM’s ability to exploit both feature and
kernel sparsity. We learn a combination of a linear ker-
nel (explicit features) with a generalized B1-spline kernel,

11Available at www.cis.upenn.edu/˜taskar/ocr.

Table 1: Results for handwriting recognition. Averages
over 10 runs (same folds as Taskar et al. (2003), training on
one and testing on the others). The linear and quadratic ker-
nels are normalized to unit diagonal. In all cases, 20 epochs
were used, with η0 in (16) picked from {0.01, 0.1, 1, 10}
by selecting the one that most decreases the objective af-
ter 5 epochs. In all cases, the regularization coefficient
C = 1/(λN) was chosen with 5-fold cross-validation from
{0.1, 1, 10, 102, 103, 104}.

Kernel Training Test Acc.
Runtimes (per char.)

Linear (L) 6 sec. 71.8± 3.9%
Quadratic (Q) 116 sec. 85.5± 0.3%
Gaussian (G) (σ2 = 5) 123 sec. 84.1± 0.4%
Average (L+Q+G)/3 118 sec. 84.3± 0.3%
MKL β1L+ β2Q+ β3G 279 sec. 87.5± 0.3%
MKL β0, β1L+ β2Q+ β3G 282 sec. 87.5± 0.4%
B1-Spline (B1) 8 sec. 75.4± 0.9%
Average (L+B1)/2 15 sec. 83.0± 0.3%
MKL β1L+ β2B1 15 sec. 85.2± 0.3%
MKL β0, β1L+ β2B1 16 sec. 85.2± 0.3%

given by K(x,x′) = max{0, 1 − ‖x − x′‖/h}, with h
chosen so that the kernel matrix has ∼ 95% zeros. The ra-
tionale is to combine the strength of a simple feature-based
kernel with that of one depending only on a few nearest
neighbors. The results (bottom part of Tab. 1) show that
the MKL outperforms by ∼ 10% the individual kernels,
and by more than 2% the averaged kernel. Perhaps more
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Figure 1: Test set accuracies of single kernel and multiple
kernel methods as a function of the training stopping times.

importantly, the accuracy is not much worse than the best
one obtained in the previous experiment, while the runtime
is much faster (15 versus 279 seconds). Figure 1 (dashed
lines) is striking in showing the ability of producing a rea-
sonable model very fast.

SPOM versus wrapper-based methods. To assess the
effectiveness of SPOM as a kernel learning algorithm, we
compare it with two wrapper-based MKL algorithms: a
Gauss-Seidel method alternating between optimizing the
SVM and the kernel coefficients (see, e.g., Kloft et al.
2010), and a gradient method (SimpleMKL, Rakotoma-



Online Learning of Structured Predictors with Multiple Kernels

monjy et al. 2008).12 In both cases, the SVMs were tackled
with structured PEGASOS. Despite the fact that each SVM
is strongly convex and has O( 1

ε ) convergence, its combi-
nation with a outer loop becomes time-consuming, even if
we warm-start each SVM. This is worse when regulariza-
tion is weak (small λ). In contrast, SPOM, with its overall
O( 1

ε2 ) convergence, is stable and very fast to converge to a
near-optimal region, as attested in Fig. 2. This suggests its
usefulness in settings where each epoch is costly.

Figure 2: Comparison between SPOM (Alg. 3) and two
wrapper based methods in the OCR dataset, with C = 100.
The wrapper-based methods run 20 epochs of PEGASOS in
their first SVM call; subsequent calls run 3 epochs with
warm-starting. With only 20–30 passes over the data,
SPOM approaches a region very close to the optimum; the
wrapper-based methods need about 100 epochs.

4.2 Dependency Parsing

We trained non-projective dependency parsers for English,
using the CoNLL-2008 shared task dataset (Surdeanu et al.,
2008), in a total of 39,278 training and 2,399 test sentences.
The output to be predicted from each input sentence is the
set of dependency arcs, linking heads to modifiers, that
must define a spanning tree (see example in Fig. 3). We use
arc-factored models, for which exact inference is tractable
via minimum spanning tree algorithms (McDonald et al.,
2005). We defined M = 507 feature templates for each
candidate arc by conjoining the words, lemmas, and parts-
of-speech of the head and the modifier, as well as the parts-
of-speech of the surrounding words, and the distance and
direction of attachment. This instantiates > 50 million
features. The feature vectors associated with each candi-
date arc, however, are very sparse and this is exploited in
the implementation. We ran SPOM with explicit features,
with each group standing for a feature template. MKL (via
SPOM) did not outperform a standard SVM in this exper-
iment (90.67% against 90.92%); however, it showed good
performance at pruning irrelevant feature templates (see
Fig. 3, bottom right). Besides interpretability, which may
be useful for the understanding of the syntax of natural lan-
guages, and memory efficiency (creating a smaller model),
this pruning is also appealing in a two-stage architecture,

12We used the code in http://asi.insa-rouen.fr/
enseignants/˜arakotom/code/mklindex.html.

Figure 3: Top: a dependency parse tree (adapted from Mc-
Donald et al. 2005). Bottom left: group weights along
the epochs of Alg. 3. Bottom right: results of stan-
dard SVMs trained on sets of feature templates of sizes
{107, 207, 307, 407, 507}, either selected via a standard
SVM or by MKL, via SPOM (the UAS—unlabeled at-
tachment score—is the fraction of non-punctuation words
whose head was correctly assigned.)

where a learner at a second stage will only need to handle
a small fraction of the templates initially hypothesized.

5 RELATED WORK

Discriminative learning of structured predictors has been
an active area of research since the seminal works of Laf-
ferty et al. (2001); Collins (2002); Altun et al. (2003);
Taskar et al. (2003); Tsochantaridis et al. (2004).

Following the introduction of MKL by Lanckriet et al.
(2004), a string of increasingly efficient algorithms were
proposed (Sonnenburg et al., 2006; Zien and Ong, 2007;
Rakotomamonjy et al., 2008; Chapelle and Rakotoma-
monjy, 2008; Xu et al., 2009; Suzuki and Tomioka, 2009;
Kloft et al., 2010), although none was applied to structured
prediction. Group LASSO is due to Bakin (1999); Yuan
and Lin (2006), after which many variants and algorithms
appeared, all working in batch form: Bach (2008b); Zhao
et al. (2008); Jenatton et al. (2009); Friedman et al. (2010).

Independently from us, Jie et al. (2010) recently proposed
an online algorithm for multi-class MKL (called OM-2),
which differs from ours in that, rather than subgradient and
proximal steps, online updates perform coordinate descent
in the dual. Our algorithm is more flexible: while OM-2
is limited to `22,q-regularization, with q > 1, and becomes
slow when q → 1, we efficiently handle the `22,1 case as
well as arbitrary composite regularizers. Jie et al. (2010)
also have not addressed structured prediction.

Proximity operators are well known in convex analysis and
optimization (Moreau, 1962; Lions and Mercier, 1979) and
have recently seen wide use in signal processing; see Com-
bettes and Wajs (2006), Wright et al. (2009), and references
therein. Specifically, the theory of proximity operators (see
App. A) underlies the proofs of our regret bounds (Prop. 3).
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6 CONCLUSIONS
We proposed a new method for kernel learning and feature
template selection of structured predictors. To accomplish
this, we introduced a class of online proximal algorithms
applicable to many variants of MKL and group-LASSO.
We studied its convergence rate and used the algorithm for
learning the kernel in structured prediction tasks.

Our work may impact other problems. In structured predic-
tion, the ability to promote structural sparsity can be useful
for learning simultaneously the structure and parameters of
graphical models. We will explore this in future work.
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Sonnenburg, S., Rätsch, G., Schäfer, C., and Schölkopf, B.
(2006). Large scale MKL. JMLR, 7:1565.

Surdeanu, M., Johansson, R., Meyers, A., Màrquez, L., and Nivre,
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Supplementary Material
A PROXIMITY OPERATORS AND MOREAU PROJECTIONS

Throughout, we let ϕ : Rp → R̄ (where R̄ , R ∪ {+∞}) be a convex, lower semicontinuous (lsc) (the epigraph
epiϕ , {(x, t) ∈ Rp ×R |ϕ(x) ≤ t} is closed in Rp×R), and proper (∃x : ϕ(x) 6=+∞) function. The Fenchel conjugate
of ϕ is ϕ? : Rp→ R̄, ϕ?(y) , supx y

>x− ϕ(x). Let:

Mϕ(y) , inf
x

1

2
‖x− y‖2 + ϕ(x), and proxϕ(y) = arg inf

x

1

2
‖x− y‖2 + ϕ(x);

the function Mϕ : Rp→ R̄ is called the Moreau envelope of ϕ, and the map proxϕ : Rp→ Rp is the proximity operator
of ϕ (Combettes and Wajs, 2006; Moreau, 1962). Proximity operators generalize Euclidean projectors: consider the case
ϕ = ιC , where C ⊆ Rp is a convex set and ιC denotes its indicator (i.e., ϕ(x) = 0 if x ∈ C and +∞ otherwise). Then,
proxϕ is the Euclidean projector onto C and Mϕ is the residual. Two other important examples of proximity operators
follow:

• if ϕ(x) = (λ/2)‖x‖2, then proxϕ(y) = y/(1 + λ);

• if ϕ(x) = τ‖x‖1, then proxϕ(y) = soft(y, τ) is the soft-threshold function (Wright et al., 2009), defined as
[soft(y, τ)]k = sgn(yk) ·max{0, |yk| − τ}.

If ϕ : Rd1× . . .×Rdp → R̄ is (group-)separable, i.e., ϕ(x) =
∑p
k=1 ϕk(xk), where xk ∈ Rdk , then its proximity operator

inherits the same (group-)separability: [proxϕ(x)]k = proxϕk(xk) (Wright et al., 2009). For example, the proximity
operator of the mixed `2,1-norm, which is group-separable, has this form. The following proposition extends this result
by showing how to compute proximity operators of functions (maybe not separable) that only depend on the `2-norms of
groups of components; e.g., the proximity operator of the squared `2,1-norm reduces to that of squared `1.

Proposition 5 Let ϕ : Rd1 × . . .× Rdp → R̄ be of the form ϕ(x1, . . . ,xp) = ψ(‖x1‖, . . . , ‖xp‖) for some ψ : Rp → R̄.
Then, Mϕ(x1, . . . ,xp) = Mψ(‖x1‖, . . . , ‖xp‖) and [proxϕ(x1, . . . ,xp)]k = [proxψ(‖x1‖, . . . , ‖xp‖)]k(xk/‖xk‖).

Proof: We have respectively:

Mϕ(x1, . . . ,xp) = min
y

1

2
‖y − x‖2 + ϕ(y)

= min
y1,...,yp

1

2

p∑
k=1

‖yk − xk‖2 + ψ(‖y1‖, . . . , ‖yp‖)

= min
u∈Rp+

ψ(u1, . . . , up) + min
y:‖yk‖=uk,∀k

1

2

p∑
k=1

‖yk − xk‖2

= min
u∈Rp+

ψ(u1, . . . , up) +
1

2

p∑
k=1

min
yk:‖yk‖=uk

‖yk − xk‖2 (∗)

= min
u∈Rp+

ψ(u1, . . . , up) +
1

2

p∑
k=1

∥∥∥∥ uk
‖xk‖

xk − xk

∥∥∥∥2

= min
u∈Rp+

ψ(u1, . . . , up) +
1

2

p∑
k=1

(uk − ‖xk‖)2

= Mψ(‖x1‖, . . . , ‖xp‖), (18)

where the solution of the innermost minimization problem in (∗) is yk = uk
‖xk‖xk, and therefore [proxϕ(x1, . . . ,xp)]k =

[proxψ(‖x1‖, . . . , ‖xp‖)]k xk
‖xk‖ .

Finally, we recall the Moreau decomposition, relating the proximity operators of Fenchel conjugate functions (Combettes
and Wajs, 2006) and present a corollary that is the key to our regret bound in §3.3.
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Proposition 6 (Moreau (1962)) For any convex, lsc, proper function ϕ : Rp → R̄,

x = proxϕ(x) + proxϕ?(x) and ‖x‖2/2 = Mϕ(x) +Mϕ?(x). (19)

Corollary 7 Let ϕ : Rp → R̄ be as in Prop. 6, and x̄ , proxϕ(x). Then, any y ∈ Rp satisfies

‖y − x̄‖2 − ‖y − x‖2 ≤ 2(ϕ(y)− ϕ(x̄)). (20)

Proof: We start by stating and proving the following lemma:

Lemma 8 Let ϕ : Rp → R̄ be as in Prop. 6, and let x̄ , proxϕ(x). Then, any y ∈ Rp satisfies

(x̄− y)>(x̄− x) ≤ ϕ(y)− ϕ(x̄) (21)

Proof (of the Lemma): From (19), we have that

1

2
‖x‖2 =

1

2
‖x̄− x‖2 + ϕ(x̄) +

1

2
‖x̄‖2 + ϕ∗(x− x̄)

=
1

2
‖x̄− x‖2 + ϕ(x̄) +

1

2
‖x̄‖2 + sup

u∈Rp

(
u>(x− x̄)− ϕ(u)

)
≥ 1

2
‖x̄− x‖2 + ϕ(x̄) +

1

2
‖x̄‖2 + y>(x− x̄)− ϕ(y)

=
1

2
‖x‖2 + x̄>(x̄− x) + y>(x− x̄)− ϕ(y) + ϕ(x̄)

=
1

2
‖x‖2 + (x̄− y)>(x̄− x)− ϕ(y) + ϕ(x̄),

from which (21) follows.

Now, take Lemma 8 and bound the left hand side as:

(x̄− y)>(x̄− x) ≥ (x̄− y)>(x̄− x)− 1

2
‖x̄− x‖2

= (x̄− y)>(x̄− x)− 1

2
‖x̄‖2 − 1

2
‖x‖2 + x̄>x

=
1

2
‖x̄‖2 − y>(x̄− x)− 1

2
‖x‖2

=
1

2
‖y − x̄‖2 − 1

2
‖y − x‖2.

This concludes the proof of Corollary 7.

Note that although the Fenchel dual ϕ? does not show up in (20), it has a crucial role in this proof.

B PROOF OF LEMMA 2

Let u(θ̄,θ) , λΩ(θ̄)− λΩ(θ). We have successively:

‖θ̄ − θt+1‖2 ≤(i) ‖θ̄ − θ̃t+1‖2

≤(ii) ‖θ̄ − θ̃t‖2 + 2ηtλ
∑J
j=1(Ωj(θ̄)− Ωj(θ̃t+j/J))

≤(iii) ‖θ̄ − θ̃t‖2 + 2ηtu(θ̄, θ̃t+1)

≤(iv) ‖θ̄ − θ̃t‖2 + 2ηtu(θ̄,θt+1)

= ‖θ̄ − θt‖2 + ‖θt − θ̃t‖2 + 2(θ̄ − θt)>(θt − θ̃t) + 2ηtu(θ̄,θt+1)

= ‖θ̄ − θt‖2 + η2
t ‖g‖2 + 2ηt(θ̄ − θt)>g + 2ηtu(θ̄,θt+1)

≤(v) ‖θ̄ − θt‖2 + η2
t ‖g‖2 + 2ηt(L(θ̄)− L(θt)) + 2ηtu(θ̄,θt+1)

≤ ‖θ̄ − θt‖2 + η2
tG

2 + 2ηt(L(θ̄)− L(θt)) + 2ηtu(θ̄,θt+1), (22)
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where the inequality (i) is due to the nonexpansiveness of the projection operator, (ii) follows from applying Corollary 7 J
times, (iii) follows from applying the inequality Ωj(θ̃t+l/J) ≥ Ωj(θ̃t+(l+1)/J) for l = j, . . . , J − 1, (iv) results from the
fact that Ω(θ̃t+1) ≥ Ω(ΠΘ(θ̃t+1)), and (v) results from the subgradient inequality of convex functions, which has an extra
term σ

2 ‖θ̄ − θt‖
2 if L is σ-strongly convex.

C PROOF OF PROPOSITION 3

Invoke Lemma 2 and sum for t = 1, . . . , T , which gives

T∑
t=1

(L(θt;xt, yt) + λΩ(θt)) =

T∑
t=1

(L(θt;xt, yt) + λΩ(θt+1))− λ(Ω(θT+1)− Ω(θ1))

≤(i)
T∑
t=1

(L(θt;xt, yt) + λΩ(θt+1))

≤
T∑
t=1

(L(θ∗;xt, yt) + λΩ(θ∗)) +
G2

2

T∑
t=1

ηt +

T∑
t=1

‖θ∗ − θt‖2 − ‖θ∗ − θt+1‖2

2ηt

=
T∑
t=1

(L(θ∗;xt, yt) + λΩ(θ∗)) +
G2

2

T∑
t=1

ηt +
1

2

T∑
t=2

(
1

ηt
− 1

ηt−1

)
· ‖θ∗ − θt‖2

+
1

2η1
· ‖θ∗ − θ1‖2 −

1

2ηT
· ‖θ∗ − θT+1‖2 (23)

where the inequality (i) is due to the fact that θ1 = 0. Noting that the third term vanishes for a constant learning rate and
that the last term is non-positive suffices to prove the first part. For the second part, we continue as:

T∑
t=1

(L(θt;xt, yt) + λΩ(θt)) ≤
T∑
t=1

(L(θ∗;xt, yt) + λΩ(θ∗)) +
G2

2

T∑
t=1

ηt +
F 2

2

T∑
t=2

(
1

ηt
− 1

ηt−1

)
+
F 2

2η1

=

T∑
t=1

(L(θ∗;xt, yt) + λΩ(θ∗)) +
G2

2

T∑
t=1

ηt +
F 2

2ηT

≤(ii)
T∑
t=1

(L(θ∗;xt, yt) + λΩ(θ∗)) +G2η0(
√
T − 1/2) +

F 2
√
T

2η0

≤
T∑
t=1

(L(θ∗;xt, yt) + λΩ(θ∗)) +

(
G2η0 +

F 2

2η0

)√
T , (24)

where equality (ii) is due to the fact that
∑T
t=1

1√
t
≤ 2
√
T − 1. For the third part, continue after inequality (i) as:

T∑
t=1

(L(θt;xt, yt) + λΩ(θt)) ≤
T∑
t=1

(L(θ∗;xt, yt) + λΩ(θ∗)) +
G2

2

T∑
t=1

ηt +
1

2

T∑
t=2

(
1

ηt
− 1

ηt−1
− σ

)
· ‖θ∗ − θt‖2

+
1

2

(
1

η1
− σ

)
· ‖θ∗ − θ1‖2 −

1

2ηT
· ‖θ∗ − θT+1‖2

=

T∑
t=1

(L(θ∗;xt, yt) + λΩ(θ∗)) +
G2

2σ

T∑
t=1

1

t
− σT

2
· ‖θ∗ − θT+1‖2

≤
T∑
t=1

(L(θ∗;xt, yt) + λΩ(θ∗)) +
G2

2σ

T∑
t=1

1

t

≤(iii)
T∑
t=1

(L(θ∗;xt, yt) + λΩ(θ∗)) +
G2

2σ
(1 + log T ), (25)

where the equality (iii) is due to the fact that
∑T
t=1

1
t ≤ 1 + log T .
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D LIPSCHITZ CONSTANTS FOR SOME LOSS FUNCTIONS

Let θ∗ be a solution of the problem (9) with Θ = H. For certain loss functions, we may obtain bounds of the form
‖θ∗‖ ≤ γ for some γ > 0, as the next proposition illustrates. Therefore, we may redefine Θ = {θ ∈ H | ‖θ‖ ≤ γ} (a
vacuous constraint) without affecting the solution of (9).

Proposition 9 Let Ω(θ) = 1
2 (
∑M
m=1 ‖θm‖)2. LetLSVM andLCRF be the structured hinge and logistic losses (4). Assume

that the average cost function (in the SVM case) or the average entropy (in the CRF case) are bounded by some Λ ≥ 0,
i.e.,13

1

N

N∑
i=1

max
y′i∈∈Y(xt)

c(y′i; yi) ≤ Λ or
1

N

N∑
i=1

H(Yi) ≤ Λ. (26)

Then:

1. The solution of (9) with Θ = H satisfies ‖θ∗‖ ≤
√

2Λ/λ.

2. L is G-Lipschitz onH, with G = 2 maxu∈U ‖φ(u)‖.

3. Consider the following problem obtained from (9) by adding a quadratic term:

min
θ

σ

2
‖θ‖2 + λΩ(θ) +

1

N

N∑
i=1

L(θ;xi, yi). (27)

The solution of this problem satisfies ‖θ∗‖ ≤
√

2Λ/(λ+ σ).

4. The modified loss L̃ = L+ σ
2 ‖.‖

2 is G̃-Lipschitz on
{
θ | ‖θ‖ ≤

√
2Λ/(λ+ σ)

}
, where G̃ = G+

√
2σ2Λ/(λ+ σ).

Proof: Let FSVM(θ) and FCRF(θ) be the objectives of (9) for the SVM and CRF cases. We have

FSVM(0) = λΩ(0) +
1

N

N∑
i=1

LSVM(0;xi, yi) =
1

N

N∑
i=1

max
y′i∈Y(xi)

c(y′i; yi) ≤ ΛSVM (28)

FCRF(0) = λΩ(0) +
1

N

N∑
i=1

LCRF(0;xi, yi) =
1

N

N∑
i=1

log |Y(xi)| ≤ ΛCRF (29)

Using the facts that F (θ∗) ≤ F (0), that the losses are non-negative, and that (
∑
i |xi|)2 ≥

∑
i x

2
i , we obtain λ

2 ‖θ
∗‖2 ≤

λΩ(θ∗) ≤ F (θ∗) ≤ F (0), which proves the first statement.

To prove the second statement for the SVM case, note that a subgradient of LSVM at θ is gSVM = φ(x, ŷ)−φ(x, y), where
ŷ = arg maxy′∈Y(x) θ

>(φ(x, y′)−φ(x, y))+c(y′; y); and that the gradient ofLCRF at θ is gCRF = Eθφ(x, Y )−φ(x, y).
Applying Jensen’s inequality, we have that ‖gCRF‖ ≤ Eθ‖φ(x, Y )− φ(x, y)‖. Therefore, both ‖gSVM‖ and ‖gCRF‖ are
upper bounded by maxx∈X ,y,y′∈Y(x) ‖φ(x, y′)− φ(x, y)‖ ≤ 2 maxu∈U ‖φ(u)‖.

The same rationale can be used to prove the third and fourth statements.

E COMPUTING THE PROXIMITY OPERATOR OF THE (NON-SEPARABLE)
SQUARED `1

We present an algorithm (Alg. 4) that computes the Moreau projection of the squared, weighted `1-norm. Denote by � the
Hadamard product, [a� b]k = akbk. Letting λ,d ≥ 0, and φd(x) , 1

2‖d� x‖21, the underlying optimization problem is:

Mλφd
(x0) , min

x∈RM
1

2
‖x− x0‖2 +

λ

2

(
M∑
m=1

dm|xm|

)2

. (30)

13In sequence binary labeling, we have Λ = P̄ for the CRF case and for the SVM case with a Hamming cost function, where P̄ is
the average sequence length. Observe that the entropy of a distribution over labelings of a sequence of length P is upper bounded by
log 2P = P .
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Algorithm 4 Moreau projection for the squared weighted `1-norm
Input: A vector x0 ∈ RM , a weight vector d ≥ 0, and a parameter λ > 0
Set u0m = |x0m|/dm and am = d2

m for each m = 1, . . . ,M
Sort u0: u0(1) ≥ . . . ≥ u0(M)

Find ρ = max
{
j ∈ {1, . . . ,M} | u0(j) − λ

1+λ
∑j
r=1 a(r)

∑j
r=1 a(r)u0(r) > 0

}
Compute u = soft(u0, τ), where τ = λ

1+λ
∑ρ
r=1 a(r)

∑ρ
r=1 a(r)u0(r)

Output: x s.t. xr = sign(x0r)drur.

This includes the squared `1-norm as a particular case, when d = 1 (the case addressed in Alg. 2). The proof is somewhat
technical and follows the same procedure employed by Duchi et al. (2008) to derive an algorithm for projecting onto the
`1-ball. The runtime is O(M logM) (the amount of time that is necessary to sort the vector), but a similar trick as the one
described by (Duchi et al., 2008) can be employed to yield O(M) runtime.

Lemma 10 Let x∗ = proxλφd
(x0) be the solution of (30). Then:

1. x∗ agrees in sign with x0, i.e., each component satisfies x0i · x∗i ≥ 0.

2. Let σ ∈ {−1, 1}M . Then proxλφd
(σ � x0) = σ � proxλφd

(x0), i.e., flipping a sign in x0 produces a x∗ with the
same sign flipped.

Proof: Suppose that x0i · x∗i < 0 for some i. Then, x defined by xj = x∗j for j 6= i and xi = −x∗i achieves a lower
objective value than x∗, since φd(x) = φd(x∗) and (xi − x0i)

2 < (x∗i − x0i)
2; this contradicts the optimality of x∗. The

second statement is a simple consequence of the first one and that φd,λ(σ � x) = φd,λ(σ � x∗).

Lemma 10 enables reducing the problem to the non-negative orthant, by writing x0 = σ · x̃0, with x̃0 ≥ 0, obtaining a
solution x̃∗ and then recovering the true solution as x∗ = σ · x̃∗. It therefore suffices to solve (30) with the constraint
x ≥ 0, which in turn can be transformed into:

min
u≥0

F (u) ,
1

2

M∑
m=1

am(um − u0m)2 +
λ

2

(
M∑
m=1

amum

)2

, (31)

where we made the change of variables am , d2
m, u0m , x0m/dm and um , xm/dm.

The Lagrangian of (31) is L(u, ξ) = 1
2

∑M
m=1 am(um− u0m)2 + λ

2

(∑M
m=1 amum

)2

− ξ>u, where ξ ≥ 0 are Lagrange
multipliers. Equating the gradient (w.r.t. u) to zero gives

a� (u− u0) + λ
M∑
m=1

amuma− ξ = 0. (32)

From the complementary slackness condition, uj > 0 implies ξj = 0, which in turn implies

aj(uj − u0j) + λaj

M∑
m=1

amum = 0. (33)

Thus, if uj > 0, the solution is of the form uj = u0j − τ , with τ = λ
∑M
m=1 amum. The next lemma shows the existence

of a split point below which some coordinates vanish.

Lemma 11 Let u∗ be the solution of (31). If u∗k = 0 and u0j < u0k, then we must have u∗j = 0.

Proof: Suppose that u∗j = ε > 0. We will construct a ũ whose objective value is lower than F (u∗), which contradicts
the optimality of u∗: set ũl = u∗l for l /∈ {j, k}, ũk = εc, and ũj = ε (1− cak/aj), where c = min{aj/ak, 1}. We have∑M
m=1 amu

∗
m =

∑M
m=1 amũm, and therefore

2(F (ũ)− F (u∗)) =

M∑
m=1

am(ũm − u0m)2 −
M∑
m=1

am(u∗m − u0m)2

= aj(ũj − u0j)
2 − aj(u∗j − u0j)

2 + ak(ũk − u0k)2 − ak(u∗k − u0k)2. (34)
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Consider the following two cases: (i) if aj ≤ ak, then ũk = εaj/ak and ũj = 0. Substituting in (34), we obtain
2(F (ũ)− F (u∗)) = ε2

(
a2
j/ak − aj

)
≤ 0, which leads to the contradiction F (ũ) ≤ F (u∗). If (ii) aj > ak, then ũk = ε

and ũj = ε (1− ak/aj). Substituting in (34), we obtain 2(F (ũ)− F (u∗)) = ajε
2 (1− ak/aj)2

+ 2akεu0j − 2akεu0k +
akε

2 − ajε2 < a2
k/ajε

2 − 2akε
2 + akε

2 = ε2
(
a2
k/aj − ak

)
< 0, which also leads to a contradiction.

Let u0(1) ≥ . . . ≥ u0(M) be the entries of u0 sorted in decreasing order, and let u∗(1), . . . , u
∗
(M) be the entries of u∗ under

the same permutation. Let ρ be the number of nonzero entries in u∗ , i.e., u∗(ρ) > 0, and, if ρ < M , u∗(ρ+1) = 0. Summing
(33) for (j) = 1, . . . , ρ, we get

ρ∑
r=1

a(r)u
∗
(r) −

ρ∑
r=1

a(r)u0(r) +

(
ρ∑
r=1

a(r)

)
λ

ρ∑
r=1

a(r)u
∗
(r) = 0, (35)

which implies
M∑
m=1

u∗m =

ρ∑
r=1

u∗(r) =
1

1 + λ
∑ρ
r=1 a(r)

ρ∑
r=1

a(r)u0(r), (36)

and therefore τ = λ
1+λ

∑ρ
r=1 a(r)

∑ρ
r=1 a(r)u0(r). The complementary slackness conditions for r = ρ and r = ρ+ 1 imply

u∗(ρ) − u0(ρ) + λ

ρ∑
r=1

a(r)u
∗
(r) = 0 and − u∗0(ρ+1) + λ

ρ∑
r=1

a(r)u
∗
(r) = ξ(ρ+1) ≥ 0; (37)

therefore u0(ρ) > u0(ρ) − u∗(ρ) = τ ≥ u0(ρ+1). This implies that ρ is such that

u0(ρ) >
λ

1 + λ
∑ρ
r=1 a(r)

ρ∑
r=1

a(r)u0(r) ≥ u0(ρ+1). (38)

The next proposition goes farther by exactly determining ρ.

Proposition 12 The quantity ρ can be determined via:

ρ = max

{
j ∈ {1, . . . ,M}

∣∣∣ u0(j) −
λ

1 + λ
∑j
r=1 a(r)

j∑
r=1

a(r)u0(r) > 0

}
. (39)

Proof: Let ρ∗ = max{j|u∗(j) > 0}. We have that u∗(r) = u0(r)−τ∗ for r ≤ ρ∗, where τ∗ = λ

1+λ
∑ρ∗
r=1 a(r)

∑ρ∗

r=1 a(r)u0(r),

and therefore ρ ≥ ρ∗. We need to prove that ρ ≤ ρ∗, which we will do by contradiction. Assume that ρ > ρ∗. Let
u be the vector induced by the choice of ρ, i.e., u(r) = 0 for r > ρ and u(r) = u0(r) − τ for r ≤ ρ, where τ =

λ
1+λ

∑ρ
r=1 a(r)

∑ρ
r=1 a(r)u0(r). From the definition of ρ, we have u(ρ) = u0(ρ)−τ > 0, which implies u(r) = u0(r)−τ > 0

for each r ≤ ρ. In addition,

M∑
r=1

arur =

ρ∑
r=1

a(r)u0(r) −
ρ∑
r=1

a(r)τ =

(
1−

λ
∑ρ
r=1 a(r)

1 + λ
∑ρ
r=1 a(r)

) ρ∑
r=1

a(r)u0(r)

=
1

1 + λ
∑ρ
r=1 a(r)

ρ∑
r=1

a(r)u0(r) =
τ

λ
, (40)

M∑
r=1

ar(ur − u0r)
2 =

ρ∗∑
r=1

a(r)τ
2 +

ρ∑
r=ρ∗+1

a(r)τ
2 +

M∑
r=ρ+1

a(r)u
2
0(r)

<

ρ∗∑
r=1

a(r)τ
2 +

M∑
r=ρ∗+1

a(r)u
2
0(r). (41)

We next consider two cases:
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1. τ∗ ≥ τ . From (41), we have that
∑M
r=1 ar(ur − u0r)

2 <
∑ρ∗

r=1 a(r)τ
2 +

∑M
r=ρ∗+1 a(r)u

2
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2. From (40), we have that
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= τ2/λ2 ≤ (τ∗)2/λ2. Sum-
ming the two inequalities, we get F (u) < F (u∗), which leads to a contradiction.

2. τ∗ < τ . We will construct a vector ũ from u∗ and show that F (ũ) < F (u∗). Define
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where ε = (u0(ρ∗+1) − τ∗)/2. Note that
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equality (i) is justified by the facts that u0(ρ∗) ≥ u0(ρ∗+1) and τ > τ∗. This ensures that ũ is well defined. We
have:
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which leads to a contradiction and completes the proof.


